Tikrit Journal of Pure Science Vol. 31 (5) 2026 | R H g |
DOI: https://doi.org/10.25130/tjps.v31i5.1988 Academic Scientific Journals

Tikrit Journal of Pure Science ﬁ

ISSN: 1813 — 1662 (Print) --- E-ISSN: 2415 — 1726 (Online) W Tikrit Journal
‘5 of Pure Science
_

Journal Homepage: https://tjpsj.org/

Measure Over Fuzzy P- Field and Some of its Properties

Amira S. Khamees ' , Hassan H. Ebrahim *
! Department of Mathematics, College of Education for Women, Tikrit University, Iraq
2 Department of Mathematics, College of Computer Science and Mathematics, Tikrit University, Iraq

Received: 16 April 2025. Received in revised form: 19 July 2025. Accepted: 8 August 2025.
Final Proofreading: 14 August 2025. Available online: 25 Oct. 2026.

ABSTRACT

In this paper, we introduce the concept of measure with respect to a fuzzy p—field.
We define fuzzy measurable spaces, triple fuzzy measurable spaces, countable
additivity, null fuzzy sets, and outer measures within this framework. We establish
several propositions to demonstrate the properties and relationships among these
concepts. We also examine the behavior of fuzzy measurable functions across various
fuzzy fields and explore how measurability is preserved or lost under specific
mappings.
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1. INTRODUCTION

The notion of a fuzzy subset was introduced in "’ to
represent uncertainty. A fuzzy set K is characterized
by a membership function that assigns each element
of the underlying set a value in the real interval [ =
[0, 1]. The collection of all fuzzy sets on K is
denoted by P (K). Subsequently, (2, 3) introduced
related concepts in fuzzy set theory. The
foundations of fuzzy control and the connections
among fuzzy sets, fuzzy logic, and fuzzy control
systems were discussed in “ ©. Furthermore, (7)
examined difference and symmetric difference for
intuitionistic fuzzy sets.

Set theory and its operations provide a basis for

these developments

, while (9) considers the
concept of a ring in a neutrosophic setting. In
measure theory, c—algebras provide the framework
for defining measures and studying their properties
(19 Related concepts, including complete measures,
measurable sets and functions, outer measures,
integration, and extensions of measures to a o—
algebra, have been studied in """,

2. THE RESULTS

We start this section with the following definitions :
2-1. Measure space with respect to fuzzy p—field

In this section, we introduce fuzzy measurable space
with respect to a fuzzy p-field and triple fuzzy
measurable space with respect to a fuzzy p—field,
countable additivity with respect to a fuzzy p—field,
null fuzzy set in a fuzzy p-field, and some
Propositions.

Definition (2.1.1): If (Q, K) is a fuzzy measurable
space with respect to a fuzzy p—field. Then a set
function ¥ : K — [0,00] is said to be a measure with
respect to the fuzzy p—field K if

1. P(D)=0

2. P(Uk Ni) =32, B(Ny), for any Ni, N»...EK

are disjoint.

Definition (2.1.2): If (Q, K) is a fuzzy measurable
space over a fuzzy p—field and ¥ a measure over a
fuzzy p—field K, then a triple (Q, K,¥ ) is said to be

a measure space over a fuzzy p—field.
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Example (2.1.3): If

1,ifi=j
and uNi(Xj)={ 0, l-]]: P JJ}}
I,( :{ o, X ,Ni:{{xj,uNj(Xj) } ’ Gf.Ni andjzlaza'”}'
X={(x1): vx €Q}
We get that (Q, K) is a fuzzy measurable space over

Q ={x1i x

PEREE)

a fuzzy p—field. The set function & :

K —[0,0] is :Z(Nm)=252; tnm (xi) , m=1,2,...,
F@) =0 and  PUZ No= T2 uy, (),
P(X)=o0

Ni={(x1,1), (x2,0), (x3,0),... }

No={(x1,0), (x2,1),(x3,0),... }

Nk = {( x1,0), ( x2,0), (x3,0), Xi1) 5 oven }
Then F(UZ, Ni)= 1+1+1...=0 , F(N)=222, 1k
(xi)=1, forall Nk€ K,

k = 12,.. Hence, P#(UZ, N )= Y@ (N¢ ) .and
P(N «NK)=0forany N;,N>...€ K .Then Pisa
measure over the fuzzy P—field.

Example (2.1.4): Let Q={ai,a»},
K={X,®,{(a1,1),(a2,1)},{(a1,0.2),(22,0.6)},
{(a1,0.3), (a2,0.7) },{( a1,0.4),( a2,0.5)}}.
The pair (Q, K) is a fuzzy measurable space over a

and

fuzzy p—field.

The function set @ K —[0,00] is
= |1 JifN=X } .
Y(N)= { , Consid

N 1, other wise onsider

Ni={(a,1),(az ,1) }, No={(a1,0.2),(a2,0.6)}.Then
Ni No= {(a1,0.2),( a2,0.6)} and

NiUN, X, PT(ND=F(N2)=1. So,
have@(N;UN2)=F(X)=1,and ¥:=2 F(Np)=1+1=2
Hence,

Y2 PN # @ (NJUN2 ) . Then @ is not
measured over the fuzzy p—field.

Definition (2.1.5): If (Q, K) is a fuzzy measurable
space over a fuzzy p—field. The function set

w¢e

P : K —[—o00,00] is called countably additive over
the fuzzy p—field K if

1. P(D)=0

2. P(Ux NO=X & Ny, for any Ny, Nz ...€ K are
disjoint.
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Example (2.1.6): Let Q ={xi ,x2} , and

K ={ X,@, {(x1,1),(x2,1)},{(x1,0.2),(x2,0.1)} }

The pair (Q, K) is a fuzzy measurable space over a
fuzzy p—field.

The function set @ K —[—o0,00] is
—6,if N=X

l’p — .

N 0,otherwise |’ Consider

N oo =l xD( x2 ,1) } N =

{( x1,02),( x2 ,0.1)}.Then Nil No=

{(x1,0.2),(x2,0.1)} , and

NiON2 = X . Then ¥ (NiUN2 ) =%(X) = -6,
F(N1)=-6,% (N2) = 0. Hence,

Y2 _ PN =% (NiUN2 ) = -6. Then ¥ is a
countable addition over a fuzzy p—field.

Example (2.1.7): If Q ={w; ,w2},and K ={ X, @,
{(w1,0.1),(w2,0.3) }, {(wi,1),(w2, 1)}

The pair (Q, K) is a fuzzy measurable space over a
fuzzy p—field. The function set

—4,if N=X
0,if N= o

P : K —[—00,00] is T(N)=
’ [ ] N —1,otherwise

Consider

Ni = {(wl, 0.1),(w2, 0.3)}, and N2 = {(wl, 1),(W2,
1)}.Then Ni1 No= {( w1,0.1),( w2,0.3)} and
NiUN2 =X. We get @ (N;UN2) =P(X)=-4 , and
PNy = - 4, T (N = -1
Y2 PN =-5# @ (NJUN2). Then @ is n't
countable additive over a fuzzy p—field.

Remark (2.1.8): Let (Q, K) be a fuzzy measurable

space over a fuzzy p-field. Then the measure on K is

Hence,

a countably additive measure on K, but the inverse
is not true.

The inverse is not true; for example,

Example (2.1.9): Let Q ={w; ,w>} ,and K ={ X, ®,
{(wi,1),(w2,1) },{(w1,0.3),(w2,0.7)}

The pair (Q, K) is a fuzzy measurable space over a
fuzzy p—field.

The function set ¥

—2,if N=X

K —[-00,00] is

PN)=

Consider
0,otherwisel|’
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Neo ={C wo.),( w2 1) } . N 2 =
{( w,03),( w2 ,0.7)}.Then NI No=
{(w1,0.3),(w2,0.7)} .

And NiUNo=X. We get ¥ (N, UNo) =P (X)=-2,
and PN)= -2 , ¥ (\N») =
Y2 PN =% (NUN2) = -2 . Then ¥ a
countable additivity over the fuzzy p—field. It'is not

0. Hence,

measurable over the fuzzy p- field because ¥ is a
(ie?: K -
[0, 0], then(=3) &[0, 00]) . So, we get T(N) =0
,VN €K, however 7 { (w;,0.3),
(w2,0.7) } =-3, this is opposition .
Proposition(2.1.10): If the pair (Q, K) is a fuzzy
measurable space over a fuzzy p-field, assume
@, ¥, are measures on K, such that #; (A) or ¥,
(A) finite VA E K.The 7, - P, :
K —[—00,00] is :[?1- P>] (N) =P i(N)-P(N) , V
N €K, then ¥,-7, is a countable additive over K.

Proof:

measure

If ¥, ¥, are measures over a fuzzy p- field. There
P (D) =P (D) =0 and hence [7- P,] (®) =F (D)
-Py(®)=0.IfNi, Na,... form a countable infinite
collection of pairwise disjoint fuzzy sets

in K. Such that @; (U No) =3, @i (N»), i=1,2.So,
we have [#1- 2] (U No) = @1(U No) - Po(U Nu)
=20 PiNa ) - By PoNe ) = B [F1(Nn ) -
PoNo)] = Zn [P1- P2 (Na) -

Then &, - &, is a countable addit over K.
Definition (2.1.11): If (Q, K) is a fuzzy measurable
space over a fuzzy p-field, let ¥ is a measure over
K. The fuzzy set N in K is called an empty fuzzy
set if

«T(N)=0.

Definition (2.1.12): If Q # &, K=P(Q). Then (Q,
K) is a fuzzy measurable space over a fuzzy p-field.
Defined as #: K —[0,0] such that: Z(N) =0 ,¥
NEK.

2-2. Fuzzy measurable function

In this section, we introduce fuzzy measurable
functions over the fuzzy p— field, fuzzy measurable
functions over fuzzy. B- field, fuzzy measurable

function over fuzzy p — o — field, uzzy easurable
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unction over fuzzyurable function over fuzzy n—
field.

Definition (2.2.1): Let (Q 1, K1), (Q 2, K») are two
fuzzy measurable spaces over fuzzy p— fields.

Then f: (Q1,K1) — (Q2, K»2) is a fuzzy measurable
function over fuzzy p—fields if VN €K, f(N) €
Ko.

Example (2.2.2): Let Qi={a,b,c} , Q={m,n,0} , f
N)= (x, 1- MN)

K

1={®,X1,{(a,0.6),(b,0.7),(c,1)} ,{(a,0.6),(b,0.8),(c,0
)}.And K
1={®,X>,{(m,0.4),(n,0.2),(0,1)} ,{(m,0.4),(n,0.3),(0
0}, Put N 1={(a,0.6),(b,0.7),(c,1)} € K |. N
»={(a,0.6),(b,0.8),(c,0)}E K 1.

define f (N;) ={(m,0.4),(n,0.3),(0,0)} € K> ,and f
(N2) ={(m,0.4),(n,0.2),(0,1)} € K.

We get f a fuzzy measurable function over a fuzzy
p— field.

Example (2.2.3): Let Qi={nh} , Q={j,m}, K
1={®D.X,{(n,0.6),(h,0.2)},{(n,0.4),(h, 1)},
K>={®,X,{(j,0.3), (m,0.1)},{(j, 0.2), (m, 0.5)}. f :
Q 1, Ki) = (Q, K2) .But, Ni={(n,0.6),(h,0.2)},
No={(n.0.4),(h.1)}. Define £ (N) = (52

{®,X,{(,0.3), (m,0.1)},{(j, 0.2), (m, 0.5)}.
Then f is not a fuzzy measurable function over a

fuzzy p— field.

Definition (2.2.4): Let (Q 1, K1), (Q2, K2) be two
fuzzy measurable spaces over a fuzzy [3— field. Then
f:(Q 1, Ki) = (Q2, Ko) is a fuzzy measurable
function over the fuzzy B field, if ¥ N € K;, f(N)
é Ij(z .

Example (2.2.5): Let Qi={a,b} , Qx={t,s} , f(N) =
CATERY)
Ki={®,{(a,0.6),(b,0.7)},{(a,0.9),(b,0.8) } ,and
Ko={®D,{(t,0.4),(s,0.3)},{(t,0.1),(s,0.2) } }.

Put Ni= {(a,0.6),(b,0.7)}, No= {(a,0.9),(b,0.8)} .
defined by f: (Q 1, K1) — (Q2, K2), f (N1)=
{(t,0.4),(s,0.3)} EKo, and f(N,) =
{(t,0.1),(s5,0.2)} €K, .

We get fa fuzzy measurable function over fuzzy. 3
— field.
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Proposition (2.2.6): If f: (Q1, K1) = (Q2,K»)isa
fuzzy measurable function over p —field, then fis a
fuzzy measurable function over the fuzzy 3 —field.
Proof :

Since f is a fuzzy measurable function over the
fuzzy p- field, then (Q 1, K1) and (Q 2, K ») are fuzzy
measurable spaces over the fuzzy p- field, and since
every fuzzy measurable space over the fuzzy p-
field is a fuzzy measurable space over the fuzzy. (3
- field, we get, V N €K 1 ,f (N) € K ». Then we have
f (D) =@ € K ,. The inverse of the over property is
not essentially true, as shown in the next example.
Example (2.2.7): If Qi={l,b}, Q>={h,i},

f N x , uN 0.1),
1={D,{(1,0.7),(b,0.6)},{(1,0.8),(b,0.9)} .And
Ko»={®,{(h,0.6),(1,0.5)},{(h,0.7),(1,0.8)} }. f: (Q:1 K
1) > (Q2K)if VNEK,, f(N)EKo,.

Then f is a fuzzy measurable function over a fuzzy

K

[ - field. But it is not a fuzzy measurable function
over the fuzzy p - field because f (Xi)= X, not
exist .

Definition (2.2.8): Let (Q 1, K1), (Q2, K2) be two
fuzzy measurable spaces over fuzzy o — § — field.
Thenf: (Q1, K1) — (Q2, K») is a fuzzy measurable
function over the fuzzy o — B — field, if YN €K,
f(N) EKo.

Example (2.2.9): Let Qi={a,b} , Qx={h,i} , f(N)

-(o2)
K 1={®.X1,{(a,0.2),(b,0.6)},{(a,0.4),(b,0.8)} ,and
Ko={®,X; {(h,0.1),(1,0.3)},{(h,0.2),(i,0.4)} }.

Put, Ni={(a,0.2),(b,0.6)} N2={(a,0.4),(b,0.8)},
define f (N1)=1{(h,0.1),i,0.3)} € K »and
f(N2)={(h,0.2),(1,0.4)} € K ». We get that fis a fuzzy
measurable function over the fuzzy o — 3 — field.
Proposition (2.2.10) : If f: (Q1, K1) = (Q2, K»2) a
fuzzy measurable function over p —field, then f is a
fuzzy measurable function over the fuzzy o — 3 —
field.

Proof :

Let f be a fuzzy measurable function over a fuzzy
p- field. Then the fuzzy measurable function over a
fuzzy p- field is defined by: f: (Q1, K1) = (Q2, K
»), if VN €K .,f(N) € K». Then we have


https://doi.org/10.25130/tjps.v31i5.1988

Tikrit Journal of Pure Science Vol. 31 (5) 2026
DOI: https://doi.org/10.25130/tjps.v31i5.1988

f (®) =PEK,,f (Xo)= X, € K, Then fis a

measurable function over the fuzzy o — 8 — field.

The inverse of the over property is not necessarily

true; for example, next.

Example (2.2.11): Let Qi={r,s} , Q>={h,j} , f(N)
1

el -1)

Ki={®,X1,{(r,0.3),(5,0.6)},{(r,0.4),(5,0.5)},{(r,0.3)

,(5,0.4)} },and Ko={®,X5,{(h,0.1),(G,0.4)},{(h,0.1),

(4,0.3)},{(h,0.1),G,0. D)} }. f: (Q1, K1) = (Q2, K»),if

VNeK,f(N) eK,.

Then f is a fuzzy measurable function over fuzzy o

— B — field.

But is not a fuzzy measurable function over fuzzy.

p - field because f (maxp Ny) =

max f (4 nn) ={(h,0.4),(j,0.6)} & K 1.

Definition (2.2.12): Let (Q 1, K1), (Q2, K») be two
fuzzy measurable spaces over a fuzzy n— field.
Then the f: (Q 1, K1) — (Q2, K2) is a fuzzy
measurable function over a fuzzy n— field if YN €
Ki, f(N) EKo.

Example (2.2.13): Let Qi1={a,b} , Qx={m,n} , f(N)
=(x,0.1un)

Ki={D,

X1,{(a,0.5),(b,0.9)},{(a,1),(b,1)} ,andK,={D,
X5,{(m,0.05),(n,0.09)},{(m,0.1),(n,0.1)} }.
f:(Q1, K1) —(Q2K2),if YNEK,f(N)EK
2 .put N1=,{(,0.5),(b,0.9)}, N>={(a,1),(b,1)}.and

f (N1) = {(m,0.05),(n,0.09)} € K ,and f (N2) =
{(m,0.1),(n,0.1)} EK .

Then f is a fuzzy measurable function over fuzzy n
— field.

Proposition (2.2.14): If f: (Q 1, K1) = (Q2, K»2) is
a fuzzy measurable function over p —field, such that
f is a fuzzy measurable function over a fuzzy
n —field.

Proof:

Let f be a fuzzy measurable function over a fuzzy
p- field. Then the fuzzy measurable function over
a fuzzy p- field is defined by: f: (Q 1, K1) — (Q2,
K»),if VN € K;,f(N) € K,. Then we have

f(®) = ® € K,, f (X=X, EK . We get that fis a

measurable function over the fuzzy n —field.
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The inverse of the over property is not necessarily
true; for example, next.

Example  (2.2.15): K
X,{(a,0.5),(b,0)},{(a,0), (b,0.4)}} .

Then (Q, K) is a fuzzy measurable function over
n —field. Then f: (Q, K) — (Q, K), and is defined
£ Q) = (appy ) o £ (N1 ={(a,0.5),(b,0)},
(N2) ={(a,0),(0,00)}L{(P) = .

f X=X, Then f(Ni) =
{®,X,{(a,05),(b,0)},{(a,0),(b,0.4)} }

fuzzy measurable function over the fuzzy n — field

Assume {d),

is a
but not a fuzzy measurable function over the fuzzy
p— field because

UN; =1{(a,05),(b,04)} & f(Ni).

Definition (2.2.16): Let (Q 1, K1), (Q 2, K2) be two
fuzzy measurable spaces over fuzzy m- system.
Then f: (Q1, K1) — (Q2, K») is a fuzzy measurable
function over fuzzy m- system, if VN € K, f (N)
€ Ko.

Example (2.2.17): Let Qi={j,k} , Qx={c.d}, f(N)
= (x, "?N

K
1={D,{(j,0.3),(k,0.6)},{(,0.6),(k,0.9) } ,andKo={ D, {
(c,0.1),(d,0.2)},{(c,0.2),(d,0.3)} }.

f:(Q1, K1) —(Q2 K2 ,if YN EK», f(N) EK
1 .put Ni={(,0.3),(k,0.6)},
N2={(j,0.6),(k,0.9)} .And

f (N = {(c,0.1),(d,02)} € K ,and f (N2)
={(c,0.2),(d,0.3)} EK 1.

Then f is a fuzzy measurable function over a fuzzy
TT- system.

Proposition (2.2.18): Every fuzzy measurable
function over a fuzzy p- field is a fuzzy measurable
function over a fuzzy m- system.

Proof':

ssume that f is a fuzy measurable function over a
fuzzy pfilaren € K. K2 be elements 2€ K. Put Kx=
X,k 52, then N®, Kt €K, but N2, Ki =K ] K
>N XN ..=Ki N Ko, thus K1 K2EK. So, K
is a fuzzy measurable function over a fuzzy m-
system. The inverse of the over property is not

necessarily true; for example, the following.
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Example (2.2.19): Let Qi={a,s} , Q2={h,i} , f(N)=
(x, uy —1).

Ki={{(a,0.7),(s,0.6)}, {(a,0.8),(s,0.9)},and
Ko={{(h,0.3),(1,0.4)}, {(h,0.2),(1,0.1)} }

£:(Q1. K1) —(Q2,K2) if YN €K1, (N) EKo.
We get fas a fuzzy measurable function over a fuzzy
- system. But it is not a fuzzy measurable function
over a fuzzy p - field because

f (X1)= Xz not exist .

Definition (2.2.20): If (Q, K) is a fuzzy measurable
space over a fuzzy p—field.

The function set ¥ : K —[0,00] is called an outer
measure on the fuzzy p—field K if

1. P(D)=0

2. (U, N 2 Z;‘E’:lf’ (Nw), forany N, N
2....€ K are disjoint.

3.If N, AEK, and A N, such that Z(A)< F(N).
Example ( 2.2.21): If Q ={g,b} , and K={ X, @,
{(g,0.2),(b,0.6)},{(g,0.3),(b,0.7)}.

The pair (Q, K) is a fuzzy measurable space over a

fuzzy p—field.

The function set g K —[0,00] is
g 100U N=1{(g0.3), (b 0.7)}} ,
PN {3, other wise » Consider

N1={(g,0.2),(b,0.6)}, N2={(g,0.3),(b,0.7)}. Then
N1UN2={(g 0.3),(b,0.7)} . So, we have

7 (N1UN2) = P({(2,0.3),(b,0.7)}) = 6, and P(N )
=6, (N2) =3 32 TNy )=3+6=9 Hence,

T NiUN2) £ 35-1 PNand PN )X PN ).
Then ¥ is the outer measure over the fuzzy p—field.
Example ( 2.2.22): If Q ={a ,b} , and K ={ X, ®,
{(a,0),(b,0.1)}, {(a,0.4), (b,0.8)}

The pair (Q, K) is a fuzzy measurable space over a
fuzzy p—field.

The function set 7 K —[0,0]
e (40 N = {(a,0.4), (b, 0.8)}} .
is:W(N) { 8, other wise , Consider

N; = {(a,0), (b,0.1)},N>={(a,0.4),(b,0.8)} .Then
NiUN2 ={(a,0.4), (b,0.8)} . We get @ (N;UN2)
=P ({(a,0.3), (b,0.7)}) =4, and F(N)=4, T (N2)=8,
Y2 P(Np)=4+8=12.

Hence, #(N;UN2) £ ¥2_, #(N,) Then @ is not an
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outer measure over the fuzzy p—field because F(N
)< @"(N 1).

3. CONCLUSION

This
framework for defining measures over fuzzy p—
fields. We showed that countable additivity may
hold without satisfying all the properties of a

study has developed a comprehensive

measure, and we provided several examples to
illustrate these distinctions. We also demonstrated
that fuzzy measurable functions over fuzzy p—fields
inherently satisfy measurability over fuzzy c—fields
and m—systems, although the converse may not
always be true. These results provide a foundation
for further exploration of fuzzy integration and
applications in fuzzy control systems.
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