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1- Introduction

Weakly quasi prime submodule was introduced and
studied by [1] in 2013,as generalization of weakly
prime submodule, where a proper submodule N of an
R-module M is a weakly prime , if whenever
0#ameN , fora e R,me M, implies that either
meN or am SN [2] ,and a proper submodule N
of an R-module M is a weakly quasi prime, if
whenever 0#abmeN, for a,bER ,mE€
M,implies that am € N or bm € N, Recently, this
concept generalized to weakly approximatitly quasi
prime submodules and weakly pseudo quasi 2-
abserbing submodules see [3,4]. The Jacobson
radicale of a module M denoted by J(M) is the
intersection of all maximal submodule O0f M. A
submodule H of an R-module M is called coclosed
if for any submodule L of M with L € H we have
is small in % ,Jimplies that N =L .[5] . Recall
that a submodule H of an R-module M is small if
H+ K =M, implies that K =M for any proper
submodule K of M. [8] A non-zero R-module M is
called hollow, if every proper submodule of M is
small [8].
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In this paper, all rings R are commutative with identity, and all R-

modules are unitary Left R-modules. We introduce the concept WNQP
submodule as new generalizations of weakly quasi prime submodule and
give basic properties, examples and characterizations of this concept.

2- Basic properties and characterizations of
weakly nearly quasi prime submodules.

In this section we introduce the definition of weakly
quasi prime submodule and give examples, and basic
properties and characterizations, of this concept.
Definition (2.1)

A proper submodule H of an R-module M is called
weakly nearly quasi prime submodule of M
(for short WNQP submodule of M), if whenever
0#cdmeH for c,d € R,me M, implies that
eithercme H+J(M) or dm e H+ J(M). And an
ideal A of aring R is called a WNQP ideal of R if
A isa WNQP submodule of an R-module R.
Examples and Remarks (2.2)

1. Every weakly quasi prime submodule of an R-
module M is a WNQP submodule, but not
conversely

Proof: It is obvious

For the converse consider the following

Example:

Consider the Z-module Z,g, the submodule (4) is a
WNQP submodule of Z,5; but not weakly quasi
prime submodule. Since J(Z,5) = (2) N (3) = (6).
For 0#221€(4) ,for 2€Z, 1€Z, but
2.1¢(4). So (4) +](Z4sg) = (4) +(6) = (2).
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Thus for a,b €Z ,m € Z,5 if 0+ abm € (4), it
follows that either am am € (4) + J(Z,5) = (2) or
bm € (4) +](Zsg) = (2)

2. Every maximal submodule of an R-module M is a
WNQP submodule but not conversely.

Proof: Let H be amaximale submodule of M then
by [1,prop.(3.1.8)] H is a weakly quasi prime.
Hence by (1) H is a WNQP submodule of M.For
the converse, the submodule (4) of Z-module Z,g
is a WNQP submodule but not maximal.

3. Every weakly prime submodule of M is a WNQP
submodule, but not conversely.

Proof:

Let H be a weakly prime submodule of M, then by
[1] H isa weakly quasi prime Thus by part (1) H
is a WNQP submodule of M. For the converse
consider the following example:

Let M =Z,5 , R=Z, H=(8) is not weakly prime
submodule of M, since 0= 2.4€(8) for 2€ Z,
4€Z, but 4¢(8) and 2¢[(8):;7,5] =87
But H =(8) is WNQP submodule if whenever
0+#24.1€(8) , for, 24€Z ,1€Z,5 , implies
that 2.1€(8)+J(Zyg) =(2) or 4.1€(8)+
1 (Z4g) = (2).

4, The intersection of two WNQP submodules of M
need not to be WNQP submodule of M The
following example shows that:

The submodules (3),(4) of the Z-module Z,5 are
WNQP submodule of Z,g, but (3) n(4) = (12) s
not WNQP submodule of Z,q. Since 0 3.4.1€
(12) ,34€Z, 1€ Zy, but 3.1¢ (12) +
J(Z4g) = (6) and 4.1 & (12) + J(Z4g) = (6).

Now, we introduce many characterizations of WNQP
submodules.

Proposition (2. 3)

A proper submodule H of an R-module M is a
WNQP submodule of M if and only if [H:y,cd] ©
[0:pycd]U[H +J(M):pyc] U[H + J(M):y, d]

Proof:

(=) Let nn € [H:,cd] ,impliesthat cdn € H. If
cdn=0,then ne€[0:,cd],s0 ne€[0:ycdluU
[H+]JM):y c]U[H +](M):y d]

If 0#cdneH and H isa WNQP submodule of
M implies that either cn € H+ J(M) or
dn € H+ J(M), it follows that n € [H + J(M):, c]
or n€[H+]J(M):,d] , that is ne
[H+JM):yclU[H+J(M):y, d]. Thus, [H:y, cd] €
[0:pycd]U[H +J(M):psc] U[H + J(M):y, d].

(&) Assume that 0#cdneH , for ¢c,d€
R ,n €M, implies that n € [H:y, cd], by
hypothesis n€ [0, cd]U[H+J(M):y, c]U
[H +J(M):,, d]. But 0 # cdn it follows that
n & [0z, cd] .

Hence ne€[H+]J(M):ycl]U[H +]J(M):,d] ,that
is either n € [H + J(M):yc] or ne
[H + J(M):, d], thus either cn€H+JM) or
dn € H+J(M).

Hence H isa WNQP submodule of M.

Proposition (2.4)
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A proper submodule H of an R-module M is a
WNQP submodule of M if and only if for each

CER and mneM with ecn g H+ J(M),
[H:g cn] € [0:g cn] U [H + J(M):g n].
Proof:

(=) Let d € [H:gcn] ,impliesthat cdn e H |, If
cdn = 0, then d € [0:z cn], it follows that d €
[0:gcn]U[H +J(M):gn]. If 0#cdneH for
c,d€R ,neM with cn¢H+J(M), it follows
that dneH+J(M), thatis d€[H+]J(M):gn]
SO d €[0:;gcen] U[H +J(M):xn], it follows
[H:g cn] € [0:g cn] U [H + J(M):g n].

(=) Let O0#cdneH ,with cné¢H+]JM)
for c,d€R ,neM ,impliesthat d € [H:igcn] [,
it follows by hypothesis, we get d € [0:gcn] U
[H 4+ J(M):xn]. Since 0 # cdn , implies that
d ¢ [0:xgcn] . Thus  d € [H + J(M):gn], implies
that dn € H+J(M). Hence H is a WNQP
submodule of M.

The following corollaries are direct application of
proposition (2.4)

Corollary (2.5)

A proper submodule H of an R-module M is a
WNQP submodule of M, if and only if for every
c €R and every submodule L of M with cL &
H+JM), [H:xL] S[0:xL]U[H +J(M):xL].
Corollary (2.6)

A proper submodule H of an R-module M is a
WNQP submodule of M if and only if for every
ideal A of R and every submodule L of M  with
AL & H + J(M).[H:z AL] S [0:5 AL] U

[H+J(M):z L] .

Proposition (2.7)

A proper submodule H of an R-module M is a
WNQP submodule of M if and only if whenever
{0} #cdL € H for c¢,d €R,L isasubmodule of

M , implies that either c¢cLSH+J(M) or
dL S H+J(M).

Proof:

(=) Let {0}#cdL<cH for c,deR, L isa
submodule of M with cLZ€H+JM) and

there exists a non-zero
elements e;,e; €L with ce; ¢ H+J(M) and
de, @ H+J(M). Thus 0+#cde;, €H and Hisa
WNQP submodule of M and ce; € H + J(M),
implies that de; € H+J(M) . Again 0 # cde, €
H and H is a WNQP submodule of M and
de, ¢ H+ J(M), implies that ce, € H + J(M). Also
0 # cd(e; + e,) € H, implies that either c(e; +
e,) EH+J(M) or d(e;+e)€H+]JWM). If
c(e; +e;) =ce,+ce, €EH+J(M) , but ce, &
H+ J(M), implies that ce; EH + J(M)
contradiction. If  d(e; +e,) =de, +de, €EH +
J(M) and de, € H+ J(M), then de, € H+ J(M)
contradiction. Thus ¢cL € H+J(M) or dL c
H+J(M).

(&) ltisobvious.

dL € H + J(M), that is
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Proposition (2.8)

A proper submodule H of an R-module M is a
WNQP submodule of M if and only if whenever
{0} # CDL € H, for C,D are ideals of R,and L is a

submodule of M ,implies that either CLS H+
J(M) or DLSH+JM).
Proof:

(=) Let {0} CDL < H,where C,D are ideals
of R and L isasubmodule of M with CL € H +
JM) and DL & H +J(M), it follows that there
exists a non-zero elements n;,n, € L, and a non-
zero elements c € C,d €D suchthat cn, ¢ H +
J(M) and dn, ¢ H+J(M). We have 0 # cdn, €
H ,and H is a WNQP with cn, & H+J(M),
implies that dn, € H +J(M). Also 0 # cdn, € H
and H isa WNQP,and dn, ¢ H+ J(M) implies
that cn, e H+J(M). Also, 0#cd(n,+n,;)€
H and H isaWNQP then c¢(n,+n,)€H+
JM) or dni+n,)eH+JWM).If cn+
n,)=cn, +cny, e H+J(M) and cn, €EH +
J(M) , implies that cn, € H 4+ J(M) contradiction.
If d(n, +n,) =dn, +dn, € H+ J(M) and
dn, € H+J(M), implies that dn, € H+J(M)
contradiction. Thus CL< H+J(M) or DLC
H+J(M).

(=) Let {0}#cdLcH for c,deR,L isa
submodule of M , that is {0} # (c{d)L € H , by
hypothesis either (c)L< H+J(M) or (d)L <
H+ J(M) . Thus either ¢cL € H+J(M) or dLC
H+J(M).

As direct consequence of proposision (2.8) we have
the following corollaries.

Corollary (2.9)

A proper submodule H of an R-module M is a
WNQP if and only if whenever {0} # CDn € H
for C,D are ideals of R, n€M implies that
either Cnc€ H+JM) or DnCSH+J(M).
Corollary (2.10)

A proper submodule H of an R-module M is a
WNQP ifand only if aDnc H for a€R, D is
an ideal of R, n € M, implies that either cn €
H+J(M) or Dnc<SH+JM).

Corollary (2.11)

A proper submodule

H of an R-module Mis a
WNQP if and only if whenever {0} # aDL <
H,a€R,D is an ideal of R and L is a
submodule of M , implies that either cL € H +
J(M) or DLCSH+J](M)

.The following results are some basic properties of
WNQP submodules.

Proposition (2.12)

Let L, K are submodules of an R-module M
with L isa proper submodules of K and J(M) c

J(K). If L isa WNQP submodule of M, then L is
a WNQP submodule of K.

Proof:

Let {0} #CDN c L for ¢, d are ideals of

R,N isasubmodule of L € M. Since Lisa WNQP
submodule of M then by proposition (2.8) either
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DN < L + J(M), since
CNSL+JK) or
is a WNQP submodule

CNcSL+JM) or

J(M) < J(K) , we get either
DN € L+ J(K). Hence L
of K.

We need to recall the following Lemma

Lemma (2.13) [5,prop.(1.2.16)]

1f H is a coclosed submodule of an R-module M,
then J(H) =HnJ(M)".

Proposition (2.14)

Let L and K are submodule of an R-module M
with K € L and K isa coclosed submodule of M
suchthat J(M) € K. If L isa WNQP submodule
of M,thenLn K isa WNQP submodule of K.
Proof:

Since K ¢ L ,then LNK isa proper submodule
of K, Let {0} #CDHC<SLNK where C,D are
ideals of R , H is a submodule of K , it follows
that H is a submodule of M ,so {0}# CDHCL
and {0} # CDH < K, since L is a WNQP submodule
of M, then by proposition (2.8) either CH S L +
J(M) or DHCcL+J(M), it follows that either
CHcS(L+J(M))nK or DHS (L+]J(M))nK,
but J(M) € K, then by modular Law , we get
either  CHS(LNnK)+(KnjJ(M)) or DHC
(LnK)+ (Knj(M)),But L isacoclosed , then
by Lemma (2.13) we get either CH < (LNK) +
J(K) or DH<S(LNK)+J(K). Thus LNnH s
a WNQP submodule of K.

Proposition (2.15)

Let L, K be WNQP submodules of an R-module
M with K € L andeither J(M)<S L or J(M) <
K. Then LnNK isaWNQ P submodule of M.
Proof:

Itisclear that L N K is a proper submodule of M .
Let {0}#adHCSLNK where a,d €ER, H isa
submodule of M , implies that {0} # adH < L and
{0} # adH < K. But L ,K are WNQP, then by
proposition 2.7) either
(aHSL+J(M) or dHCSL+](M)) and either
(aHSK+J(M) or dHCSK+](M), it
follows that either aH < (L +J(M)) n (K + J(M))
or dH<(L+JM))n(K+J(M)) .suppose that
JM) <L, it follows that L+ J(M)=L . Thus
either aHcLn(K+J(M)) or dHcSLn
(K +J(M)), Hence by modular law either aH <
(LNK)+JM) or dHC (LNnH)+JM).
Therefor LN H is a WNQP submodule of M.
Proposition (2.16)

Let M be an R-module with J(M) is a weakly quasi
prime submodule of M, and L is a proper submodule

of M with L<cJ(M). Then N is a WNQP
submodule of M.

Proof:

Let {0} #cdHcL for, ccd€ER,H is a

submodule of , it follows that {0} # cdH < J(M).
But J(M) is a weakly quasi prime submodule of M,
then either cH<SJM)<S L+J(M) or dHZC
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JM) < L +J(M). Hence L is a WNQP submodule
of M.

Corollary (2.17)

Let L be a small submodule of an R-module M
with J(M) is a weakly quasi prime submodule of M
.Then L isa WNQP submodule of M.

Proof:

Since L is a small submodule of M, then by [6]
L € J(M), hence the proof follows by proposition
(2.16).

Proposition (2.18)

Let M be an R-module, and L be a submodule of M
with J(M) < L, Then L is a WNQP submodule of M

ifand onlyif [L:)J] is a WNQP submodule of M
for any ideal J of R.

Proof:

(=) Let 0#cdme]|L:yJ] forc,d€R, mEe

M, then {0} # cd(Jm) € L . Since L is a WNQP
submodule of , then by proposition (2.8) either
cgm)cL+JM) or d(m)<cL+](M). But
JM) €L, implies that L+ J(M) =1L , it follows
that either c¢/m <L or djm <L, implies that
either cm € [L:yJ1 S [L:iyJ1+J(M) or dme
[LipgJ1 S [Lip J]1 4+ J(M). Thus  [L:py,J] is @ WNQP
submodule of M.

(&) Directby taken | =R.

Corollary (2.19)

Let M be an R-module, and L is a submodule of M

with | (%) = {0}. Then L is a WNQP submodule of

M if and only if [L:,J] is a WNQP submodule of
M for any ideal J of R.

Proof:
since  J (%) ={0}, then by [7,prop.(9.14)]
JM) € L. Hence proof follows by proposition
(2.18).

Proposition (2.20)

Let f € Hom(M,M') be an R-epimorphism and
Kerf is asmall submodule of M and H is a WNQP
submodule of M’'. Then f~1(H) is a WNQP
submodule of M.

Proof:

Let O#*cdmef1H) ,for c,dERMEM
implies that 0#cdf(m) €H. Since H is a
WNQP submodule of M’, it follows that either

cf(m)e H+J(M") or df(m)€eH+J(M")it
follows by [7,coro.(9.1.5)(a)] either cm €
fHE) + U MN) = fH(H) + ] (M) or

dm € f~1(H) + J(M). Hence f~1(H) is a WNQP
submodule of M.

Proposition (2.21)

Let f € Hom(M,M') be an R-epimorphism and
Kerf is a small submodule of M, If H is aWNQP
submodule of M with Kerf € H, Then f(H) isa
WNQP submodule of M'.

Proof:

Since Kerf < H, then it is clear that f(H) is a
proper submodule of M'. Let 0 # cdm' € f(H), for
c,d €ER,m' € M'. But f isan epimorphism , then
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0+# cdf(m) € f(H) for some non-zero m € M.
Thus 0 # cdf(m) =f(n) for some non-zero
n € H , impliesthat 0 #cdm € H (since Kerf
H). But H isa WNQP submodule of M then either
cm€H+JM) or dmeH+](M), thus either
cf(m) € f(H) + f(J(M)) or df(m)€ f(H)+
fJ(M)). Since Kerf is small submodule of , then
by [7,coro.(9.1.5)(b)]  f(J(M)) =J(M"), hence
either cm' € f(H)+JM') or dm'e€ f(H)+
J(M") . Therefor f(H) is a WNQP submodule of
M'.

Proposition (2.22)

Let M =M,®M, where M,,M, are hollow
R-modules , and H, , H, are WNQP submodule of
M, , M, respectively , Then H =H;®H, is a
WNQP submodule of M = M,®M,.

Proof:

Since M, ,M, are hollow R-modules then H, , H,
are small submodules of M; , M, respectively then
by [9, prop.(5.20)(1)] H,@®H, is small submodule
of M. Let (0,0) # cd(m,,m,) € HH®H, where
(my,m,) € M\;®M, such that m;, m, are
non-zero elements of M, , M, respectively,
c,d €R . Since H;®H, small submodule of M
then H,®H, € J(M) =]J(M,®M,) , implies that
H,®H,; +](M;@®M,) = ] (M;®M,). Now, (0,0) #
cd(my,m,) € H;®H,, implies that 0 # cdm, € H,;
and 0 #cdm, € H,. But H; , H, are WNQP
submodule of M, , M, respectively, then either
cmy € Hy +J(M,) or dm; € H +J(M,) and

either cm, € H, + J(M,) or dm, €H,+
J(M,), But both H,,H, are small submodules of
M, ,M, respectively it follows that H; € J(M;),
H, € J(M,) thatis H;+JM,)=J(M,;) and
H, + J(M;) = J(M,). Hence either cm, € J(M;)
or dmy; €J(M,) and either c¢m,€jJ(M,) or
dm, € J(M,), implies that either c(my,m,) €
J(M)®](M;)  or  d(my,my) € J(M)®](My).
But J(M®&M,) =](M,)®J(M,). Thus either

c(my, my) € J (M ®M,) < (H,®H,) +](M;®&M,)
or d(my,my) € J(M;®M,) < (H,®H,) +
J(M,®M,). Thatis H,®H, isaWNQP submodule
of M.

Proposition (2.23)

Let M = M, ®M, be R-module, and H, is a small
submodule of M;, and M, has no maximal
submodule. Then H; is a WNQP submodule of M,

if and only if H,®M, is a WNQP submodule of
M.

Proof:

(=) Let (0,0) # cd(m,;,m,) € H;®EM,, for

¢,d € R,(my,m,) € M\;@®M,, m,,m, are non-zero
elements of M, ,M, respectively , then it follows
that 0 +# cdm,; € H;. Since H; is a WNQP
submodule of M,, then either c¢m, € H; +J(M,)
or dm, € H; +J(M,), but  H; is small, so
H, € J(M;), thatis H; +J(M;) =J(M;), and since
M, has no maximal submodule, then M, = J(M,).
Thus either ¢m, € J(M;) or dm, € J(M;), and
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since m, € M, .It follows that either c(m,,m,) €
J(M)®](M;) =] (M,©®&M,) < (H,®M,) +
J(M ©M,) or d(my,m;) € J(M)®](M,) =

J(M,®M,) € (H,®M,) +](M;©M;).  That s
H,®M, is a WNQP submodule of M.
(=) Let 0#cdm;€H, ,forc,deER,my isa

non-zero element of M,, it follows for each m, €
M,, (0,0) # cd(m;, m,) € H,®M, but H,®M, is
a  WNQP submodule of M, then either
c(my,my) € (H®M,) + ] (M;©®M,) = (H;®M,) +
(](M1)®](M2)) or d(my,m;) € (H;®M,) +
(J(M)®](M,)). But Hy is small submodule of M,
then H, € J(M,) ,thatis H, +J(M;) =J(M,) and
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