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ABSTRACT

This study presents a pioneering approach to a new type of diagonally implicit
Runge-Kutta-type (DIRKT) method developed specifically for solving third-order
ODEs of this type. v/ = f(t,v,v'). These methods are called RKTG and are
constructed using B series and Tri-colored tree theories to derive the required order
conditions. We derive two methods: DRKTG4 and DRKTGS. The first achieves
fourth-order accuracy in three stages, while the second reaches fifth order in four
stages. Among other things, numerical experiments show these methods are accurate
and efficient for solving these problems compared with existing Runge-Kutta
methods, which posed these problems as first-order systems for testing.
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1. INTRODUCTION

Third-order ordinary differential equations (ODEs)

appear in several phenomena, such as
electromagnetic waves, thin-film flow, gravity-
driven flow, Propagation of acoustic waves in a
relaxing medium, draining flows, and coating flows.
("9 These physical models typically exhibit high-
frequency oscillations, stiff behavior, or a need for
high resolution at brief intervals. For example,
electromagnetic wave propagation frequently
results in stiff systems, particularly in dispersive
media, necessitating high accuracy and numerical
stability. Similarly, to adequately capture interface
motion and form boundary layers, thin-film and
coating processes typically require excellent space
and time resolution. Gravity-driven or draining
flows may incorporate nonlinearities and moving
boundaries, making numerical management even
more challenging; see " .

This paper examines a numerical technique for
solving a third-order initial value problem (IVP) for

the given equation.
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) A B
v =fvv) (1
with initial value problem
vt =vo , V) =vo , V' =vi ¢

= to
where the continuous vector-valued function f: R X
R4 x R* - R% does not contain derivatives of
lower tr, v,v/,v"’ € R% and t € R. Computing the
general third order numerically necessitates more
function evaluations, leading to heightened
computational complexity and longer processing
time. Here, we provide the implicit DIRKT
solving  third-order

differential equations (ODEs) with the structure v

formulas  for ordinary
prime prime prime equals f open paren t, v, v prime
close paren. Numerical solutions are essential for
solving third-order ordinary differential equations
(ODEs). Researchers and scientists have used
conventional techniques to evaluate higher-order
(ODEs) by

transforming them into a first-order format ",

ordinary differential equations


https://doi.org/10.25130/tjps.v31i5.2014

Tikrit Journal of Pure Science Vol. 31 (5) 2026
DOI: https://doi.org/10.25130/tjps.v31i5.2014

Nevertheless, it would be more efficient to tackle
these cases directly using numerical approaches. As
a result, additional function evaluations must be
computed, necessitating increased computational
effort and longer processing time. Numerous
academics have proposed direct numerical
techniques to achieve more precise results in less
computational time. However, experts in the field
(217 have devised a multi-step approach that can
solve third-order stiff differential equations. In
contrast, (18-23) devised a technique using RK to
solve special third-order ordinary differential
equations (ODEs) directly.

The primary objective of this study is to use tri-
colored trees theory to develop a one-step
diagonally implicit RK methodology for solving
third-order ODEs of this form. v = f(t,v,v'),
which is denoted by RKTG.

This study addresses specific real-world problems,
particularly electromagnetic waves, which are
characterized by third-order ordinary differential
equations (ODEs). We also show that the special
method, RKTG, third-order

differential equations (ODEs) more efficiently than

solves ordinary
the standard method, despite its greater complexity.
The essay is structured as follows: Section 2
presents the formulation notion for the RKTG
technique, which enables the direct integration of
specified third-order ordinary differential equations
(ODEs). In Section 3, we develop the novel theory
of relevant colored trees and the corresponding B-
series theory. Section 4 derives the order criteria for
the DIRKT approach. Section 5 outlines the
DIRKT
(Diagonally Implicit Runge-Kutta) technique for

implementation of a three-stage
fourth-order methods and a four-stage approach for
fifth-order methods. Section 6 presents numerical
results demonstrating the superior efficiency and
effectiveness of DIRKT approaches compared with
methods currently used in scientific publications.
Section 7 presents the final findings.

2. FORMULATION OF THE RKTG METHOD

The RKTG technique with 1-stages for addressing
the IVP (1 can be expressed in its general form as:
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— ! 1 2c2 1
Vl-—vn+cl-ﬁvn+§ciﬁv nt

A3 z;zl a;j f (bn + ¢, V;, V') 2
l

V' = v + vy, + A2 ij (j (oo +

¢h,V;, V1) 3

Vs = Vo b BV 4 SR 4 60 By b f (b +

cih, vy, V) 4

Vi = Vi BV + B2 B by f (b +

ch, Vi, V')

Vi = vy A D b f(b + V) 6
The RKTG method has parameters. a;; , a;;, b; ,
b';, b"; and c;. These parameters are defined
fori,j = 1,2,..., L. If the coefficient matrix of a;; is
lower ftriangular, the technique is considered
explicit. Otherwise, it is implicit. The Kronecker
product is a mathematical operation that is defined
as follows:

V =e®v, + i(c®v',) + ﬁz—z(c2®v”n) +

R3[AQI,IF(V, V") 7
V' =e®v', + A(c®v",) + A2[AQI,]F(V,V') 8
vi = Vo + BV + 2020, + B3[BT ®I4]F(V, V") 9
vy =V, + v, + R2['TRILF(V, V") 10
v =v", + A TRIIF(V, V") 11
3 e=[l,...,1]" I-time , C=[cm, m=1,...,1]" , b=[bm.
m=1,...1 T, b=[b'w, m=1,..,1]T , b"=[b"
m=1,..1]" , A=[a;]", A=[a;;]" denoted I x I
matrix while I; denoted d x d identity matrix. All
parameters a;;,a;j, C;, b, b; b;', are real numbers,
and 1, j = 1, 2,..., s.The RKTG techniques can be
depicted using the Butcher tableau of scheme (2- 6);

see (Table 1).
Table 1: the Butcher tableau of RKTG techniques

€1 | Q11 (V) Qs ayq as; a5
C2 | Q21 Az Azs (% Gy Qs
C3 | a3 azy aszs a3y az; Qs
Cs | Qs1 Qs Ass |51 [ Gss

by b, b

by b by

by b by



https://doi.org/10.25130/tjps.v31i5.2014

Tikrit Journal of Pure Science Vol. 31 (5) 2026
DOI: https://doi.org/10.25130/tjps.v31i5.2014

3. THE ORDER CONDITIONS BY TRI-
COLORED TREES AND B-SERIES FOR RKTG
TECHNIQUE

This section will mention fundamental definitions,
lemmas, and related theorems. This article relies
Definition3.1: The RKTG technique has an order of
q when used for a third-order ordinary differential
equation (ODE) (1 with the assumption that
V(tn)=Vn, V'(tn)=V'n, V"(tn)=v'"n. Hence, the local
truncation error norms of the exact solution and its
derivatives up to order three must satisfy the given
criteria.

V(tn + ) — vy = 0(RTHY)

V(B + ) = vy = 0(RTHY)

v' (b, +A) = V' = 0(ATTY) 12
To formulate algebraic order conditions for the
RKTG technique, we utilize the independent form
of a three-order IVP.

v7(E) = F(v(®), v'(E)

with initial conditions

V(D) =V V() =V Vi) =V,
The third-order IVP (1 The presentation of the
problem can be extended by incorporating t=z,

13

which has a one-dimensional structure, into the IVP

(1:
z"=0 14
v'" = f(t,v,v) 15
2(tn) =2 =ty , EG) =2, =1, 2'(5y) =

2 =0 16

V) =V =ty , V() =V, VG =V,

17
using RKTG method (2)-(6) to the structure (14)-
(17) we get

Z; =2, + c;hz', +%cizﬁzz”n 18
Vi=v,+chv, + % c2hv', +

63X oy @ f(Z, V5, V') 19
Zni1 = Z, + 02, +%cizﬁzz”n 20
%41 =2+ iz, 21
21 =20 22
vi = v, +chv, + %cizﬁzv”n +

3 Xy by f(Z Vi, V') 23
vi=via+ v, + B2 XL b f(Z, ViV 24

46
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i =V AT b f(Z2, VL V) 25
By substituting equation (16) into the system of
equations (18)— (25), we obtain

V”

Zi =t, +¢ch 26
Znir = by T A 27
2 =1 28
241 =0 29

Vgt = Vo + AV + %ﬁzvun + £3 %:1 b; f(bn +

cifi, Vi, V') 30
v,n+1 = V,n + FlV”n + f? %:1 b,i fQGn +
Ciﬁ,Vi ,v,i) 31

Vi1 =V + A b f (b + ¢,V V) 32

1
Vi = vy + v, +2c2 A%, +

l
A3 Z
Li

It may be inferred that equations (30) -(33) are
(2)-(6). The RKTG
technique is employed to resolve the interdependent
Then,
numerical solutions of the independent form (13);
thus, the RKTG approach (2)-(6) can be assumed in

the following form.

33

) @i f (b + i, V;, V';

equivalent to equations

equations. it suffices to examine the

1
Ve = Vi + v + 2 A%, +

Y b f(V, V') 34
Vi1 = Vi AV + A2 XL B f(V, V) 35
Vi =V + XL B F(V, V) 36
Vi=v, + v, + %cizﬁzv”n +

l
ﬁ3z @ f(V;, V') 37

ij=1
Using the analytic solution v(t) and the elementary
differential notation, the following elementary
differentials are obtained:
v =y v@ =y OB = F
v = fv' + fv"
v = £ (V)2 + 2f VIV fr (V) fv
+ i f
v = 3£, V'V + fre (V)3 + 3y v’
+3f (V') 4 3f V' f
+ 3fr v 4 Bf v f
+ fove (VP + fufV
+ v o f
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v =31 (V') + 4f V' f + 6fn (V)PV +
126 (V)P + fn (VD + 4fe v (V)P +

6f e (V)2 f + 10f v [+ 6fpr (V') +

A e (V) + 6f fr vV + 12f vV f +
6fervv (VD2(V)? + A V)PV + 3f f2 +
Af v V'V + 5f fr (VP 6f e (V) f
fovov O+ 2 V" + [ fe VD2 + o fo f +
fofov' 38
we omitted the parameters (to), v(to) on two side left
and right respectively. We notice that the higher the
rank, the more complex it becomes. Based by ““'To
address differences in the order of differential
equations, we propose a geometric form. The
theorem is referred to as the tri-colored trees
theorem, modified specifically for third-order
differential equations. Three sorts of vertices were

utilized: “tiny gray ", "large gray", and "large white"
vertices, which are interconnected by branches.
where the large gray represents v’ ‘and the tiny gray

)

represents the end of v ’°; at last, the large white
vertex represents f the last one, “white vertex,” with
1 branches going upwards, represents the Ith
derivative of f about v.

Definition3.2: The group of tri-colored trees (TT)

is frequently described in the following manner:

The graphs Q T and %epresented by TT. If
t1,...,t1 are elements of set T'T, then the graph formed

by linking the roots of ti,...,t; to the larger white

vertex of the graph % is also in group TT. The tree
isindicatedby t = {t,...,t, <t,41, .t >}3 The
tiny gray vertex at the bottom serves as the root of
the structure. The abbreviation "3" indicates that the
roots ti,...,t are trees that compose a graph with
three vertices.

We marked the trees Q | 1) and % by Y1, Y2 and Y3
respectively. Lhe guidelines for producing tri-colored
trees are listed below:

The permanent root is tiny gray

A tiny grey vertex has a single offspring, which

must be large gray

47
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A larger grey vertex has a single offspring, which
must be a large white entity.
All offspring of a large white vertex need to be tiny
gray.
Definition3.3: the function g:TT — X is an
integer-valued, and it is frequently designated as:
gy =1, g0p)=2; , g(¥3) =3;
Fort = {t1, ., tr <fry1, . 1 > }ETT g(®) =
(279G + haa (9 — D] +3.
For every element { in TT, the order of t is denoted
by. The function g(t) denotes the total number of
nodes within {. A group containing all elements
with an order of q is represented as TT,
Definition3.4: V{ € TT, the primary differential of
the function F(t):R% X R x R - R% is a
vector-valued function, which is frequently defined
as
FOD@ v,V =v', F(Y)(v,v,v")

=v", FOR)W, v, v") = f(v)
Fort ={t, ..ty <try1, .01 >}€eTT
FOW) =
fr{IFGI V', V), FEIV, v, v'")
Definition3.5: The symmetry factors ¢: : TT —» N
are frequently defined as:

dYpD =1, d(Y)=1, o(Y3)=1

Fort ={ty, ...ty <try1, .1 >1ETT o) =
(! pz! ) TTioy ()
Where i, p2,... count similar trees within ¢1,... f.
via the B-series, we may represent rooted trees in
the context of RK techniques given in *°) , may
deduce the B-series for the set of 3-colored trees
used in RKTG methods.
Definition3.6: For a function ¢ : TTU {@} > R a
formal series of the model

B(o,v,v) = p(@)v +
®
Ztew% @) F&)(v,v',v'"") isnamed a B-series.

The fundamental lemma is essential for constructing
the order criteria for RKTG. techniques.

fulfills.1: A B-series
mapping ¢ that fulfils the given condition @ (@) =

1, Then [ﬁ3f (B((p' v, v,)lB (%Qo" v, VJ))] is

Bseries again[ A3f(B(¢p,v,v'),B (%QDI, v, v’) =

B(p,v,v") with factors
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Bl” v )] when 0”@ = 00D = 5oy, B g v
@""(Y,) =0,but ¢"'(Y3) =1 and for each t = h ©
+ nr ﬁg
{1t <trsr, B>}z with g =24 @"® = s TO@YV)
HI() | U (DY I(H) LETT Ny ,
Proof: since B(p,v,v))=v+0(h) and = B(e",v,V)

Theorem 3.1: Let's consider the analytic solution

v(to + f) of (13) is a B-series B(e, vy, vg) since e
: ’ g '

expansion  A°f(B(¢,v,v'), B G®"v,v)) show s real function defined on TT U {@} then

B ( %(p’,v, v’) =v'+ 0(h) then the Taylor

that A3f (B(<p, v,v'), B (%gor,v,v')) = e(@ =1, e(Y))=1, e(Y,) =% , e(Ys)
A3 f(v,v') + 0(h*) which implies that ¢'"'(@) = 1
(p”’(’Y'l) — (p”’(’Y'z) — O ,but (p,,,(Y3) - 1 —_ 6
Proceeding as in the proof '’ , we have : Andforf ={t;, ...t <41, .1 >1)3
ﬁgf(B(qJ,vv) B(gq) vv)> e®
1

_ g3 ZZ Bl “9OEH - DO -2 ne(” He“l)g 5

B S { —r)' ovovT Y oy Proof:

v(ty + h) = B(e, vy, vp) = e(@)vy + he(Y{)vy +

— r l-r
v (B( ¢ vv) ) f2e(Y,)vy + h3e(Y3)vy' +

zz Z Z Z Z 5 RIGO+IC)+ka6D—Crr) A
trﬁ@‘i’ﬂ‘f{*ﬁuﬁ}:&(‘g‘ﬁ(y@‘/ﬂi 091,

1(l — )

=T (l ! FETT  GETT §y €TTAY, Yy  ETT/(Y1, Yo o) 8¢

l

P01 - 9 ()@ () - 0" (0) o= (v, VIFGI Vv L FEI (v vT)

ra -7

IYYLY Y LY ot B8 g g N

120 T=0 {, €TT  §;ETT {41 €TT/(Y1, Y5y  HETT/{Y1Yy

PG1) e 0@ (Gria) - 0" (1) FO v, v, v7) .
AI® and it is represented by

= Z <1>(t)‘g(§”1) 90D o) oo’ (tr+1‘)(t0<pr@))£(ﬂ([~<,&dwp,)]_e(yl)vO

€TT,g(1)=4
o 2he(Y,)vy + 30%e(Y3)vy' +

.9(;) ﬁg(t) 1 ! iz
tr+1, .. t1 > }3 and the approaches for ranking the Xy €TT/(Y1 Y, ) Y0 e®F (vo, vo, v'o) =

Therefore, we differentiate. v(t, + fi) three times,

where,  unique equality t={, .., <

subtrees fy .. fring = {f, 0t <trr, B >dss B (Zv,vh)
the multiplicity of § = {t;, ...t <41, . 51> )3
ri(l-r)!
PRPRITAN where p; , i, ... the number of trees ; 40
among {y,..,t, and &;,&, ... the number of trees V(b + )" = —=[v(o + A)] = 2e(Y,)v"o +
among {4, . t; then we have 6he(Ys)vy' +
. Z;T+1€TT/{Y1Y2Y3}%;)EIQW (t)f(vo’vo"f’:))
o) = ]_[ o5 ]_[ #5090
T+1
We get

41

48
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v(two + ﬁ)III

Moreover, from Lemma 3.1 we get
f(B(el VOI v({))p B (% (ﬁ, VO, V‘,:)) =

e®(Y3)f (Vo, Vo) +
RIM-3
o

e@ OF (Vo vo, V'

z:tr+1‘5'1"1'/{‘(1‘(2‘(3}

43
Where, e®(Y3) = 1andt = {t;, ..., 1, <
L3>3 ETT/{YY,Y 3}

T

e®)(r;) = ]_[e(m]_[e(;l)g(;l

i=1 r+1

Substituting (42), (43) into equation (13) on both

sides, by comparing the parameters of the identical

tre1,

elementary differential, we obtain:

e®(Y;3) = %
Andt= {4, .ty <tyr, B >13 €
TT/{Y1Y2Y5}
e(t)

r l
1
WIOCOEDICGED) ]_[ e(t) He(sogm)

At the end, and by Taylor series expansions of
v(to + A) where =0 and (@) = e(Y;) =1,
e(Y)) =5 , e(Y3)=x.

Vvt € TT We can express the density as y(t) = " (t)

IO hen by

d®OY®
the (theorem3.1) we get propositions [3.1.1 and

and write { Z*} as following a(t) =

3.1.2] as following:

Proposition 3.1.1: for all t€ TT ,the density y(t) is
a positive integer-valued-function on TT satisfying
YY) =1, y(Yz)=2, y(Y3) =6
t={n ot <try1, . 1>} €TT

49

= dﬁ3 [V(to +h)] = 66(Y3)V”’ + z:¥r+1‘5'1"1'/{Y1Y2Y3}
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IPW@E-1 (g(®-2) I3
I0)

€(t,')f(V0, VIO' v”0

42
r® =9®@® -1 @O

o[ o] [

Proposition3.1.2: for all t€ TT «a(t) is a non-

negative integer satisfying

a(Y)=1, a(¥z)=1, a(Y3) =1
t= {0 < i L, g1 > )5 € TT with
t1, oo, by distinet £, 4§y distinct

a(t)
=(®)
a(t)

l
B a (i)
)'Hu G 1_[ 1 G-

The symbol p; denotes the number of times t;,3
=1, ..., 1

Thus, we can write the B-series in Definition3.6 as

)#i

follows:
B(p,v,v) = p(@)v +

Siem i o(8) a®) y® FEE V)

44
and f(B(ep,v,Vv'),B (% @,V, v’)can be expressed
as

fB,v.v),B(25,v,v')) =

RIM-3 L
o PP YO FOE V.V
45

Theorem3.2: The analytic solution and derivative
v(ty + ) V(o + h) and v"'(t, + h) of equation

(13) have B-series as fOIIOWS'

DT /(Y Y, Y5}

V(to + ) = vo + ;rZTT m, e OF (v v, 'h)

(a(t)CID )

=B , Vo, Vo

( 70K V°'V°)
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Vit + ) = Gm=1) “(t)f(vo'vo'v 0) mﬁl@) a@®y®OFOE,v,v")
tr+1ETT T
a(t)P , =V’ + v’y
=5 <ﬁ(g 1)"”‘"“’) l -1 @
g v S T ae )y OO )
— / ij Yi » Vo
=b (ﬁy(t) ’ VO'VO) S em ity I
RIM-2 It follows that
v'(to +h) = T RIOED] ) “(t)f(VOJVOJV 1
b em (9 %@ =1, ()=, B =5 c
_ 5 (%,vo,vg) 9,0r3) = Tayd)" (¥3) , 9,(¥s) =T\ ay
_(9(g—-1) ,
-5 (g o)

Now, to form the numerical resolution and

derivatives. v, v , vy of equation (13) engender the

RKTG approach (2)-(6); suppose that V; and V; In _ _ _ 46
(2),(3), the widening of the B series can be 5,00 =1, 9,(Yz) 1: ¢ » 9i(Y3) =
represented as V; =B(9;,vy,vy) andV = Zl 189" (Y3) = 52 aij
B (%51 , Vo ,v{,) Respectively, the first two
o 47
formulas enclosed within brackets (2)-(6) have been
And
transformed as follows: " _
B(; , v, VE)) 9;(5) = aljﬁ ® , %@ =
i ]
1 al] "
= vy + ¢hv'y + zcizﬁzv”o = 1g@) Y (t)
!
+ ﬁ3 Z aij f (B(ﬁl » Vo ,VE)), B (%Igl »Vo ,VE)))
j=1
48

B (%51 »Vo »VE))
=v'y+chv'y

In addition, for trees t = {t1, ... 5 <ty41, . 51>
z }; € TT and g(‘;) > 4 by Lemma 3.1, given
+ 2 Z aij f (3(191' Vo,Vo), B (%51 Vo .vé)) 97" (0 = =1 9 () Ty 52
j=1
By (44), (45), the former two equations can be
written as follows:

B@vo+ Y o @,19@ «® YO FO Vv

{ETT
1 49
=vo +chv'y + 2 cZh?v"y by compensation (48) into (49), we get
A\ ki A
+ h 2 a; (Z Y f v, V o " Aij g
= err /g d 9! v Prnas ﬁg:l[z 1y )" ()] iy [Zf 19(;) Y (t")]
50

S0
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Denote, ;" () = w;(}) Vi={t;, -t <
4 >}3€TT and (t) =4 . Then (50) can

be expressed as follows.

r l

wj(¥)=1_[ Zaijwj(tl l_[ Z

i=1|j=1 i=r+1|j=1

tr+1,

g &

In general, the next lemma is important to give the
values of w;(Y) Vt € TT/{Y;Y,Y3}

3.2: The
functionw; (1) on TT/{Y;,Y;, Y3} can be computed

Lemma

recursively as

wj (Y5) =1
For t={f}* ..th" <gm1, .., "1 >} € TT
with {4, ..., t; distinct and different from Y, Y>
w; (1)
= lui+2uz 1_[ [Z a;jw;(t;) [Z 0
i=r+1

we denote w(}) = (0w, (%), ...,
TT/{Y1,Y>}

with v, v] and vy’ respectively defined by:

MO

, the preliminary weights associated

, for t €

0(t) = Xioy byw; () = b w(t)

0'(t) = Xhoy bjw; () =b" w(p)

0"() = Xl b wi () =b""w(b)

Theorem3.3: The numerical resolution and

derivatives v4, v, vy of equation (13) produced by
the RKTG method (2)-(6) have the following B-
series

vy(fo + f)

1
=Vy + ﬁvlo + Eﬁzv”o

[I®
FIGH 61 a® y® F®O©, v, v")
IGTT/{Y1.Y2}
vi(to + )
= vy + fvy
aIG-1
+ Fon ' a@®y®F®W, v, v")
YETT/{Y1,Y2}
vy (to + )
= vg
RIG) -2
20! 0"(®) a® v F®, v, v")
YETT/{Y1,Y2}
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Proof: Suppose V; and V; in equations (2)-(6) are
B(;,vo,v0), B(%E »Vo 'V{))
respectively. By Lemma (3.1), we have

R3F(V;, Vi) = B(19-’” Vo, Vo)

-

ﬁETT/{YLYz}

B-series

@, " 97) a®) v FEO)w v )

Therefore
vy (%o + h)

1
1
=vy+hv'y+ Eﬁzv”0 + Z b;B®;" , vy ,v()

i=1
1
=vo +Av'y + —ﬁzv”o

+
tETT/{Y4, Yz}

(o' 0% a(®) Y FOV v, V")

o0 b0+ ) = v) + vy £ BB Vo Vi)
] -

o+ vy
pIM-1

* ol

tETT/{Y1,Y5}

'@ a®y®OF®W, v, v")

vi(to+h) =vy + Z b{'BM]" , vy ,vg)

= vy
fIB-2
gm!

3.1 Algebraic order criteria(conditions)

6"®) a®y®OFO v, v")

YETT/{Y1,Y2}

We achieved the purpose of this research through
two theorems (3.1) and (3.3). In (Table 2), the tri-
colored trees of orders up to seven are listed together
with the accompanying function values.
Theorem3.4: The RKTG method (2) has order q if
and only if these prerequisites are fulfilled

1
o) =—, <
® o) forg(®) <q
o =L5.  forgn<q+
gH@® -1
") =———, <qg+2
® 0 forg(®) <q
Corollary3.1: presuppose that
o= (Y0202 (B B O sy,
f=rfybe 1% 0 <P ;f’l >3,

51
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where unique and from

t3' ""tr

Y, and Y, ,and t,,4, ..., {; unique then

separate

. 1 . .
() =50t 9O =g, y®

=2%y(t")
Table 2. tri-colored trees with orders up to seven,
elementary differentials, and their corresponding

functions.
Ord Element
er t tree a(t) ary Density | F(t) (v, v/, v"
g®) weight

0 (4] [0}

1 Y 1 1 v’

2 Y2 1 2 v
30T 1 e 6 f

4 a1 1 c 24 fov'

4 $a2 1 c 24 fov"

5 ts1 1 c? 60 fr(v)?

5 |t 2 c 60 forv'v"”
5] s 1 c? 60 fore(v')?
5|t 1 Ae 120 £ f

5| tes 1 % c? 120 £

6 fo1 1 Ae 720 ff

6 | 1 1 ¢ 720 | fofo
6 fe3 1 c 720 fofov'

6 foa 3 %cz 240 fV'v"

6 | ts 1 ¢ | 120 | e
6 | tee 1 c’ 120 | frv"'(v)?
6 | ter 3o oger | 20 | gy
6 | te 3 cAe 240 FoV'f

6 | teo 3 c? 120 | fr (V)3
6 | %10 3 cAe 240 foev'f
6 [ton 1 ¢ 120 | W)}
7 71 4 Ac 840 fV'f

7 72 3 c? 840 fir(v')?

7 |t 6 ct 420 | fi (VHH
7 | tya 12 ct 420 | oo (VDA
7 | ts 1 ct 210 | frrn (VD
7 | te 4 ct 210 | froev' (V)3
7 77 10 Ac? 1260 feV"'f

52

IRROJI

Academic Scientific Journals

7 | b 6 | A | 420 | fu ("
7 |t 6 c? 420 forw (V'1)?

7 |70 4 c? 2520 | forofo (V)2
7 |t 6 c? 2520 | fofoV'V"

7 |tz 12 Ac 420 o V'V'f

7 |t 6 ct 210 | frrer (VD2
7 |14 4 ct 210 | fiver (VD3V]
7 |ts1s 3 A 5040 forv f2

7 e 4 Ac? 1260 | frofiv"v'
7 |7 5 ct 2520 | fuvfir (V2
T | Ys 6 Ac? 420 | feue WD
T Y0 1 ct 210 | frwe (W
7 %720 2 l/fcz 5040 fofv"

7 |t 1 c? 2520 | fofu(v)?

T |t722 1 AAe 5040 fofef

7 |t 1 c 5040 ffov'

In Corollary 3.1, it is stated that the two trees t* and
t" have the same order conditions, making them
comparable. Next, in Table 2, we can reduce the
number of trees because they are identical. For
in Table 2, treest;q3and {7414
identical. The order criteria for the RKTG formula

to have orders ranging from one to seven can be

instance, are

expressed via the last Theorem and its Corollary.

Order criteria for v

Z 1
3: bi = E

Z 1
4. bici = ﬁ

Z , 1 Z 1
5: bici = % B biaij = m

Z _ 1 Z 3
6: biaij Cj = m B bici

1
10 + b

_ 1 Zb _ 1
=240 i%j = 730
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7: Zbc a;; = 420 Zbcal]]
— 4
_1260 ’Z’%
_ 1 g c? = 1
=210 ’ Z %5 = 2520
1
Zbiciaij:m ,Zbiaijcj'
1 _
= Soq5 2. biia
1

1 _
= Soq5 2% = g5
Order criteria for v’

— 1
2 ) b=
— 1
3: Zbici g
_ _ 1
4: zbicl :E , biai]'_ﬁ
5: ZELCE_Z_O , Eiai]'C]
=m ’ bicial]
— E 1
T30 % = 120
6 Eicfdi] 60 B ZEiClaijCJ
1 _
= — A
~ 180 " Zblcl
30 YU 360
_ 1 _
bl-cl-al] @ ) biaijC]
1 -
:m ) bl-al-jajk
=720 Eba”a”‘
_ 1
7: Zbicl :E , Zbl'cl al-jcj

_ 1
3 DBt = o0
_ 1 _
Zbiaijng = @ ’ EbiCiai]’Cjz
1 _
=50 + Dbt
1

1 o
=557 + QB = 555
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leiaijcjz

1 =
= 2520 Zblclal Ak

1 _ 1
= ﬁ ,Z biaijajij = 5

04
- 1
E bijaycy = 04

4
Order criteria for v’

1: Zb—l

ba;;a;, = T04

2: Zb !
: iCi ==
[} 2
3 Y hiet=z . Y b=z
: CF == ;i ==
iti 3’ i%ij 6
4 Y hei=g . Y ha b
iti 4’ iYijly 24 "’ i%ij
1 = 1
S Lhat =y
= 1 =
. 4 _ ~ 2
5: bici —g , Zbiaijcj
1 =
:5 , biCiaij
1 - 1
=30 L% =130
Ebidlkdu TR bia;jc;
1 = _
:m , bLCiaijC]
1 =, 1
=2 Lhi%=1g
. no5_1 a2
6: Y bic; =< X bicia;jc
1 I 3= _ 1 _
2 0 Lha; =5, Xbiaig =
1 7= 3__1 o= 2
m ) Zblaijcj' —120 ) ZblclaUC] =
= o Lhiayle =— , Tbiaya; =
L Yhaic?=— , Ybicad; =
72 iAijGT =50 iCidigQij =
=_ _ 1
2 % Ak dijC = —
. p.6 1 A 3 _
: Zbici —; ) Zblaijci =
1 =_ _ 1 =
a f Zbialkaijcj a B Zbialej:
1 T 2= = 7 .3
— Ybiciaga;; =— , Ybicia;ic =
42 Zblaikaljcj 336 ' szau_jk=
1 Toa — b= 3 —
s 0 Xbicaye = -, b =
1 e o= 21 S
oo ¢ Xbidpc =, Xbac =
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ﬁ ) Zl:)iclducf:lm ) Zziaij_]k%z:
% ) Zl:)idik@]c,Z:l—; ) Zzldijd]kaks_
?140 ) le)iciauajkck_ﬁ , Zziai]alk=
i ) EEiC_likaUC]—33 2 biciaya;;

8i4 ’ Zziaucj ~ 84 Zbicialjcj -

1 = 1 e s =
% , Zbial]ajk(:j 1680 ’ Zbiaijalkals—
5—16 ,Zziaijdlkcl 814 X biaga;jc; =
8i4 ) Zbicizalkal] is Zb aikckaljcj
i ) Zgiaijaikck=g

We can use the following simple steps to reduce the

c?

equations to be solved. Y a;; = -

4. ZERO-STABILITY OF
TECHNIQUES

In this discussion, we examine the zero-stability of

THE NEW

the newly developed approaches; to demonstrate the
convergence and stability of multi-step approaches,
we must establish their behavior at zero. We also
examine zero-stability to establish the upper bound
of the The
characteristic polynomial for the RKTG method for

multi-step  approaches. initial

Equations (2)-(6) is derived from the following

equation:
10 0 Vaer 1 [1 1 X
01 0 ﬁvn+1 2 ﬁvn
00 1 0 11 ﬁzv”
Tl+1 0 0 1 n
1 0 0
Where [ = [0 1 0] is the identity matrix
0 01
11 -
And the matrix A=y 1 7| represents the
0 01

coefficients of the vectors v, 41, Avl ;1 , A2V,
Then, the

technique is

1%t characteristic factor of the new

1

-1 £-1 £-

g(&) = det|I§ — Al = 0 -1 &-1
0 0 &E-1

Then, g(§) = (¢ — 1)3 By finding the roots of the
characteristic polynomial (§ —1)3 =0then& =
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1,1,1 is the root of &. Therefore, the RKTG method
is Zero-Stable since all the roots equal one.

5. DEVELOPMENT OF THE
TECHNIQUES

According to the order conditions stated above, we

RKTG

now present implicit RKTG Techniques. The local
truncation error (LTE) for the qth-order RKTG
technique is defined as

e
Ng+1 g1 ng41 X
Z LQ+1 z I(Q+1) Z LH(‘H’U
() + Y () + 2 (£
Where the

Lqu is the LTE term for v ,

is the LTE for v/ £ is the global truncation
error (GTE)
5.1. A Four-Stage
Technique

Three-Order RKTG
This part explains the process of developing the
four-stage RKTG method, which is third order. The
approach is obtained by utilizing the algebraic order

criteria up to the fourth order and making simpler

2
hypotheses. Y a;; = %‘ Finally, we get:

3 3 1
S={a21 T T3y 1T T3y A3 T s
1
=g 321 = ady; ,ads,
= adzq ,aaz; = adzy,
2 2 2 1
aazz = —§aa21—§aa31—§aa32+ﬁ , by
1 1 1
~ e Tz kT
1 1 3
=723 57y
1 3 1 1
d1__ﬁ zdz_E :d3=E:g1 3'92
2 2
3’ g3_§}

By using the Butcher tableau (Table 1) and the
elements for the four-stage, three-order RKTG
method, it can be expressed as shown in (Table 3)

Table 3. The DRKTG4 Method
1 523 1

2 600 8

£'9Y s the LTE for v/and £"{9*"
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1 3 523 3 1
4 5 600 T32 8
3 7 7 523 3 1 1
4 10 100 600 32 4 8
1 3 1
24 16 48
1 1 1
"6 2 6
1 2 2
"3 3 3

5.2. A Five-Stage Three-Order RKTG Method
The five-stage, three-order RKTG Technique is
obtained by using algebraic concepts for order
criteria up to the fifth order.
3 39

S = {‘121 =73 y a3 = ~1000 » a3

3 117
T00 y Qg1 = "6 » 42

9 15 1
28 :a43=7'a44:§'

5 5
adaz; = — 2 adas, — Zaa32
3
BT, ,ad3, = adzq ,ads;
= adszy,
65 190
aa, = —7aa31 —Taa32 -
3
- gaa43 » Ay
27 125 2
= 70 + Taa32 T AQy3 , 0043

= Q03 ,

219
140

11
AQyg = 5(1(131 + 5(1(132 + — ) bl =

50 1,b,

_, g3 125
- 'g2_27 'g3_ 54 'g‘l-

_7}
" 54

By using the Butcher tableau (Table 1) and the
components of the five-stage, three-order RKTG
technique, it can be represented as demonstrated in
Table 4)

Table 4. The DRKTGS Method
1

50 8
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1 71 3 3 1
4 400 50 32 8
1 1 1 3 39 3 1
5 710 500 50 71000 500 8
, 123 17 201 3 117 9 15 1
1000 875 200 50 | 56 28 7
1 1 5
4 3 12
8 25
1 N
9 18
5 32 125 7
27 54 54

6. NUMERICAL EXPERIMENTS

This section explores several concerns about the
formula. v'"" = f(t,v,v"). The numerical findings
are compared with outcomes obtained by converting
the same set of cases into a first-order system and
solving it using the existing Runge-Kutta technique
of the equivalent order.
DRKTG4: The implicit DRKTG4 technique of
order four with three stages derived in the present
study
DRKTGS: The four-stage fifth-order implicit
DRKTGS approach determined in this work.
RKLIIIB4: Two-stage fourth-order implicit RK
method as described in'” .
DIRKN4: Three-stage fourth-order diagonally
implicit method presented in”® .
RadaulA: Three-stage fifth-order implicit RK
method presented in''” .
Radaull: Three-stage fifth-order implicit RK
method presented in'” .
Case 1 (Homogeneous Linear Problem)
v'"==25v' v(0)=0,

vi(0)=0, v'(0)=1
The exact solution of this case is given by

1 1

vi(t) = 5 5508 (5t)
Case 2 (Nonhomogeneous Linear Problem)
v"=v'+cos?(t) —1 v(0)=0,
vi(0)=0, v'(0)=1

The exact solution of this case is given by

1 4 1 1
vy () = ge": + —e* — —sin(2t) +§t— 1

5 20
Case 3 (Homogeneous Nonlinear Problem)
s 3V’
v = m V(O) =1 )

1 -1
VO =5, VIO =
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The exact solution of this case is given by
vi®) =e+1
Case 4 (Nonhomogeneous Nonlinear Problem)
v" =v?+cos?(t)—v' —1 v(0)=0,
v 0)=1, v'(0)=0
The exact solution of this case is given by
v, (t) = sinx
Case 5 (non-linear system)

24 _1 4t !
W) = 5 et (Bv ()

8
V' (£) = 5 v (VS (0)
vy'(8) = 27v,(B)vi(k)
vi(0) =1, vi(0)=-1, v{(0)=1
vo(0) =1, v3(0)=-2, v5(0) =4
v3(0) =1, v3(0)=-3 , v§(0) =9
The exact solution of this case is given by

vik)=et , v(B)=e"% , va(t) =7

0
-0.5
T
& 4
I
«
]
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x
@
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Fig. 1: Accuracy curve for DRKTG4, RKLIIIB4,
DIRKN4

for Problems (1-5)
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Fig. 2: Accuracy curve for DRKTGS, RadaulA,

Radaull for Problems (1-5)

Figures (1, 2): The DRKTG technique presents the
decimal logarithm of the maximum global error and
the function evaluations. This provides a visual
representation of the approach's effectiveness. The
DRKTGS5

evaluations compared to other implicit Runge-Kutta

technique requires fewer function

techniques of equivalent order. The number of
equations increased threefold when the problems
transformed ODEs.
Additionally, Figure (2) demonstrates that the

were into  first-order
DRKTGS techniques exhibit the lowest maximum
global error and require only a few function
DRKTGS yields more

precise results than any other methods documented

evaluations for all steps.

in the scientific literature, as shown in Figures (1)
and (2) (RadaulA and Radaull).In this study, we
utilize steps of varying sizes (A = 0.25, 0.125,
0.0625 and 0.03125), with the greatest global error
across five test problems.

7. CONCLUSION

This study specifically examines the algebraic
mathematical theory of order criteria for the RKTG
technique. This technique is employed for the direct
of third-order

equations (ODEs) with special features. Numerous

solution ordinary differential
scholars have introduced the notion and concept of
B-series theory, which relies on algebraic order
conditions, as well as definitions and algebraic
theories of order conditions.

In fact, the objective of the current study is to solve
ODEs of order three directly by using the B-series

and tri-colored tree theories to construct the RKTG
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formula based on the algebraic order requirements

nr

given in the form of v""' = f(t, v, v") Consequently,
we devised a three-stage fourth-order technique, the
DRKTG4 technique and a four-stage fifth-order
technique, the DRKTGS technique. Figures 1 and 2
graphically illustrate the numerical results of these
techniques as proficiency curves. These charts show
the correlation between the logarithm of the highest
global error during integration and the associated
computational cost, measured by the number of
function evaluations.

The numerical findings show that the novel DRKTG
methods are more efficient than current RK methods
in the scientific literature in terms of the number of
function evaluations required to solve the specific
third-order ODEs.
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    𝜑  ′ ′ ′  ( ţ ) =   ∏  i = 1  r  𝜑  (  ţ  i )   ∏  r + 1  l    𝜑 ′  (  ţ  i ) g  (  ţ  i ) .


  B  ( 𝜑 , ѵ , ѵ ′ ) = ѵ + O  ( ɦ )


  B  (     g ɦ   𝜑 ′ , ѵ ,  ѵ ′ ) = ѵ ′ + O ( ɦ )


   ɦ 3 f ( B  ( 𝜑 , ѵ ,  ѵ ′ ) ,   B (   g ɦ   𝜑 ′ , ѵ , ѵ ′ ) )


   ɦ 3 f  ( B  ( 𝜑 , ѵ ,  ѵ ′ ) ,   B  (   g ɦ   𝜑 ′ , ѵ , ѵ ′ ) ) =  ɦ 3 f  ( ѵ ,  ѵ ′ ) + O (  ɦ 4 )


  𝜑 ′ ′ ′  ( ∅ ) =   𝜑 ′ ′ ′  (  ϒ 1 ) = 𝜑 ′ ′ ′  (  ϒ 2 ) = 0   ,   b u t     𝜑 ′ ′ ′  (  ϒ 3 ) = 1


   ɦ 3 f  ( B  ( 𝜑 , ѵ ,  ѵ ′ ) ,   B  (   g ɦ   𝜑 ′ , ѵ , ѵ ′ ) ) =  ɦ 3   ∑  l ≥ 0    ∑  r = 0  l    l !  r !  ( l − r ) !     𝜕  l f  𝜕  ѵ  r 𝜕    ѵ ′  l − r  ( ѵ ,  ѵ ′ )    ( B  ( 𝜑 , ѵ ,  ѵ ′ ) − ѵ )  r     (   B  (     g ɦ   𝜑 ′ , ѵ ,  ѵ ′ ) −  ѵ ′ )  l − r  


    ∑  l ≥ 0    ∑  r = 0  l    l !  r !  ( l − r ) !   ∑   ţ 1 ∈ Ͳ Ͳ  …     ∑   ţ  r ∈ Ͳ Ͳ        ∑   ţ  r + 1 ∈ Ͳ Ͳ / {  ϒ 1   , ϒ  2 }  …   ∑   ţ  l ∈   Ͳ Ͳ  {  ϒ 1   , ϒ  2 }     ɦ  g  (  ţ 1 ) + g  (  ţ 2 ) + … + g  (  ţ  l ) −  (  ţ  l − r )  ɸ   ( ţ 1 ) … ɸ (  ţ  l ) g  (  ţ  r + 1 ) … g  (  ţ  l )  


    ∑  l ≥ 0    ∑  r = 0  l    l !  r !  ( l − r ) !   ∑   ţ 1 ∈ Ͳ Ͳ  …     ∑   ţ  r ∈ Ͳ Ͳ        ∑   ţ  r + 1 ∈ Ͳ Ͳ / {  ϒ 1   , ϒ  2 }  …   ∑   ţ  l ∈   Ͳ Ͳ  {  ϒ 1   , ϒ  2 }     ɦ  g  (  ţ 1 ) + g  (  ţ 2 ) + … + g  (  ţ  l ) −  (  ţ  l − r )  ɸ   ( ţ 1 ) … ɸ (  ţ  l ) g  (  ţ  r + 1 ) … g  (  ţ  l )  


  𝜑  (  ţ 1 ) … 𝜑  (  ţ  r )   𝜑 ′  (  ţ  r + 1 ) …   𝜑 ′  (  ţ  l )     𝜕  l f  𝜕  ѵ  r 𝜕    ѵ ′  l − r ( ѵ , ѵ ′ ) ( Ӻ  (  ţ 1 )  ( ѵ , ѵ ′ , ѵ ′ ′ ) …   Ӻ  (  ţ  l )  ( ѵ , ѵ ′ , ѵ ′ ′ ) )


  𝜑  (  ţ 1 ) … 𝜑  (  ţ  r )   𝜑 ′  (  ţ  r + 1 ) …   𝜑 ′  (  ţ  l )     𝜕  l f  𝜕  ѵ  r 𝜕    ѵ ′  l − r ( ѵ , ѵ ′ ) ( Ӻ  (  ţ 1 )  ( ѵ , ѵ ′ , ѵ ′ ′ ) …   Ӻ  (  ţ  l )  ( ѵ , ѵ ′ , ѵ ′ ′ ) )


  =   ∑  l ≥ o    ∑  r = 0  l    ∑   ţ 1 ∈ Ͳ Ͳ  …     ∑   ţ  r ∈ Ͳ Ͳ        ∑   ţ  r + 1 ∈ Ͳ Ͳ / {  ϒ 1   , ϒ  2 }  …     ∑   ţ  l ∈   Ͳ Ͳ  {  ϒ 1   , ϒ  2 }     ɦ  g  ( ţ )  ɸ  ( ţ )     l !   𝜇 1 !   𝜇 2 ! …     𝜉 1 !   𝜉 2 ! …  r !  ( l − r ) ! g  (  ţ  r + 1 ) … g  (  ţ  l )


  =   ∑  l ≥ o    ∑  r = 0  l    ∑   ţ 1 ∈ Ͳ Ͳ  …     ∑   ţ  r ∈ Ͳ Ͳ        ∑   ţ  r + 1 ∈ Ͳ Ͳ / {  ϒ 1   , ϒ  2 }  …     ∑   ţ  l ∈   Ͳ Ͳ  {  ϒ 1   , ϒ  2 }     ɦ  g  ( ţ )  ɸ  ( ţ )     l !   𝜇 1 !   𝜇 2 ! …     𝜉 1 !   𝜉 2 ! …  r !  ( l − r ) ! g  (  ţ  r + 1 ) … g  (  ţ  l )


  𝜑  (  ţ 1 ) … 𝜑  (  ţ  r )   𝜑 ′  (  ţ  r + 1 ) …   𝜑 ′  (  ţ  l )   Ӻ  ( ţ )  ( ѵ , ѵ ′ , ѵ ′ ′ )


  𝜑  (  ţ 1 ) … 𝜑  (  ţ  r )   𝜑 ′  (  ţ  r + 1 ) …   𝜑 ′  (  ţ  l )   Ӻ  ( ţ )  ( ѵ , ѵ ′ , ѵ ′ ′ )


  =   ∑  ţ ∈ Ͳ Ͳ , g ( ţ ) ≥ 4     ɦ  g  ( ţ )  ɸ  ( ţ ) g  (  ţ  r + 1 ) … g  (  ţ  l )     𝜑  (  ţ 1 ) … 𝜑  (  ţ  r )   𝜑 ′  (  ţ  r + 1 ) …   𝜑 ′  (  ţ  l )   Ӻ  ( ţ )  ( ѵ , ѵ ′ , ѵ ′ ′ )


  =   ∑  ţ ∈ Ͳ Ͳ , g ( ţ ) ≥ 4     ɦ  g  ( ţ )  ɸ  ( ţ ) g  (  ţ  r + 1 ) … g  (  ţ  l )     𝜑  (  ţ 1 ) … 𝜑  (  ţ  r )   𝜑 ′  (  ţ  r + 1 ) …   𝜑 ′  (  ţ  l )   Ӻ  ( ţ )  ( ѵ , ѵ ′ , ѵ ′ ′ )


  ţ   =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3


   ţ 1 …    ţ  l


  ţ   =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3


  ţ   =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3


    r !  ( l − r ) !  l !   𝜇 1 !   𝜇 2 ! …     𝜉 1 !   𝜉 2 ! …


    𝜇 1   ,   𝜇 2 …


   ţ 1 , … ,  ţ  r


      𝜉 1 ,   𝜉 2 …


   ţ  r + 1   ,       …      ţ  l


    𝜑  ′ ′ ′ ( ţ ) =   ∏  i = 1  r  𝜑  (  ţ  i )   ∏  r + 1  l    𝜑 ′  (  ţ  i ) g  (  ţ  i )


   ɦ 3 f ( B  ( 𝜑 , ѵ ,  ѵ ′ )   ,   B (   g ɦ   𝜑 ′ , ѵ , ѵ ′ ) =   ∑  ţ ∈ Ͳ Ͳ     ɦ  g  ( ţ )  ɸ  ( ţ )   𝜑  ′ ′ ′   Ӻ  ( ţ )  ( ѵ , ѵ ′ , ѵ ′ ′ ) = B  (   𝜑  ′ ′ ′ , ѵ , ѵ ′ )


  ѵ (  ȶ 0 + ɦ )


  B ( e ,  ѵ 0 ,  ѵ 0 ′ )


  Ͳ Ͳ ∪  { ∅ }


  e  ( ∅ ) = 1       ,       e  (  ϒ 1 ) = 1     ,       e  (  ϒ 2 ) =  1 2       ,       e  (  ϒ 3 ) =  1 6


  ţ   =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3


  e  ( ţ ) =  1  g ( ţ ) ( g  ( ţ ) − 1 ) ( g  ( ţ ) − 2 )     ∏  i = 1  r  e  (  ţ  i )   ∏  r + 1  l  e  (  ţ  i ) g  (  ţ  i )


  ѵ  (  ȶ 0 + ɦ ) = B ( e ,  ѵ 0 ,  ѵ 0 ′ ) = e  ( ∅ )  ѵ 0 + ɦ e  (  ϒ 1 )  ѵ 0 ′ +  ɦ 2 e  (  ϒ 2 )  ѵ 0  ′ ′ +  ɦ 3 e  (  ϒ 3 )  ѵ 0  ′ ′ ′ +   ∑   ţ  r + 1 ∈   Ͳ Ͳ  {  ϒ 1  ϒ 2  ϒ 3 }     ɦ  g  ( ţ )  ɸ  ( ţ ) e ( ţ )   Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,   ѵ ′ 0 ′ )
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  ѵ (  ȶ 0 + ɦ )


  ѵ    (  ȶ 0 + ɦ ) ′ =   d  d ɦ    [ ѵ  (  ȶ 0 + ɦ ) ] = e  (  ϒ 1 )    ѵ ′ 0 + 2 ɦ e  (  ϒ 2 )  ѵ 0  ′ ′ + 3  ɦ 2 e  (  ϒ 3 )  ѵ 0  ′ ′ ′ +   ∑   ţ  r + 1 ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }        g  ( ţ )   ɦ  g  ( ţ ) − 1  ɸ  ( ţ ) e  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ ) =   B  (   g ɦ ,  ѵ 0 ,  ѵ 0 ′ )


  40


  ѵ    (  ȶ 0 + ɦ )  ′ ′ =     d 2  d  ɦ 2  [   ѵ  (  ȶ 0 + ɦ ) ] = 2 e  (  ϒ 2 )    ѵ ′ ′ 0 + 6 ɦ e  (  ϒ 3 )  ѵ 0  ′ ′ ′ +   ∑   ţ  r + 1 ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }        g  ( ţ )  ( g  ( ţ ) − 1 ) ɦ  g  ( ţ ) − 2  ɸ  ( ţ ) e  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ )
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  ѵ  (  ȶ 0 + ɦ ) ′ ′ ′ =     d 3  d  ɦ 3  [   ѵ  (  ȶ 0 + ɦ ) ] = 6 e  (  ϒ 3 )  ѵ 0  ′ ′ ′ +   ∑   ţ  r + 1 ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }        g  ( ţ )  ( g  ( ţ ) − 1 )   ( g  ( ţ ) − 2 )   ɦ  g  ( ţ ) − 3  ɸ  ( ţ ) e  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ )
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  f ( B  ( e ,  ѵ 0 ,  ѵ 0 ′ ) ,   B  (   g ɦ   𝜑 - ,  ѵ 0 ,  ѵ 0 ′ ) =   e  ( 3 )  (  ϒ 3 ) f (  ѵ 0 ,  ѵ 0 ′ ) +   ∑   ţ  r + 1 ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }        ɦ  g  ( ţ ) − 3  ɸ  ( ţ )   e  ( 3 )  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ )
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    e  ( 3 )  (  ϒ 3 ) = 1


  ţ =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3 ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }


      e  ( 3 )  (  ϒ 3 ) =     ∏  i = 1  r  e  (  ţ  i )   ∏  r + 1  l  e  (  ţ  i ) g  (  ţ  i )


    e  ( 3 )  (  ϒ 3 ) =  1 6


  ţ =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3 ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }


  e  ( ţ ) =  1  g  ( ţ )  ( g  ( ţ ) − 1 )   ( g  ( ţ ) − 2 )     ∏  i = 1  r  e  (  ţ  i )   ∏  r + 1  l  e  (  ţ  i ) g  (  ţ  i )


  ѵ  (  ȶ 0 + ɦ )


   ( ∅ ) =   e  (  ϒ 1 ) = 1       ,     e  (  ϒ 2 ) =  1 2           ,           e  (  ϒ 3 ) =  1 6


  ∀ ţ ∈ Ͳ Ͳ


  𝛾  ( ţ ) =  1  e ( ţ )


    Z +


  𝛼  ( ţ ) =   g  ( ţ ) !  ɸ ( ţ ) 𝛾  ( ţ )


  ∈ Ͳ Ͳ


  𝛾  (  ϒ 1 ) = 1     ,       𝛾  (  ϒ 2 ) = 2       ,       𝛾  (  ϒ 3 ) = 6


  ţ =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3 ∈ Ͳ Ͳ


  ţ =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3 ∈ Ͳ Ͳ


  𝛾  ( ţ ) = g  ( ţ )  ( g  ( ţ ) − 1 )   ( g  ( ţ ) − 2 )   ∏  i = 1  r  𝛾  (  ţ  i )   ∏  r + 1  l    𝛾  (  ţ  i )  g  (  ţ  i )


  𝛾  ( ţ ) = g  ( ţ )  ( g  ( ţ ) − 1 )   ( g  ( ţ ) − 2 )   ∏  i = 1  r  𝛾  (  ţ  i )   ∏  r + 1  l    𝛾  (  ţ  i )  g  (  ţ  i )


  ∈ Ͳ Ͳ


  𝛼  ( ţ )


  𝛼  (  ϒ 1 ) = 1     ,       𝛼  (  ϒ 2 ) = 1       ,       𝛼  (  ϒ 3 ) = 1


  ţ =   {  ţ 1    𝜇 1 , … ,  ţ  r    𝜇  r <  ţ  r + 1    𝜇  r + 1 , … ,      ţ  l    𝜇  l + 1 >   } 3 ∈ Ͳ Ͳ


   ţ 1 , … ,  ţ  r


   ţ  r + 1   ,       …      ţ  l


  𝛼  ( ţ ) =  ( g  ( ţ ) − 3 ) !   ∏  i = 1  r   1    𝜇  i !   (     𝛼  (  ţ  i )  g  (  ţ  i ) ! )    𝜇  i     ∏  i = r + 1  l   1    𝜇  i !   (     𝛼  (  ţ  i )   ( g  (  ţ  i ) − 1 ) ! )    𝜇  i


  ∋


  B  ( 𝜑 , ѵ , ѵ ′ ) = 𝜑  ( ∅ ) ѵ +   ∑  ţ ∈ Ͳ Ͳ     ɦ  g  ( ţ )  ɸ  ( ţ )   𝜑  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )
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  f ( B  ( 𝜑 , ѵ ,  ѵ ′ )   ,   B  (   g ɦ 𝜑 ̅ , ѵ ,  ѵ ′ )


  f ( B  ( 𝜑 , ѵ ,  ѵ ′ )   ,   B  (   g ɦ   𝜑 - , ѵ ,  ѵ ′ ) ) =   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }     ɦ  g  ( ţ ) − 3  g ( ţ ) !     𝜑  ( 3 )  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )
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  ѵ  (  ţ 0 + ɦ )


  ѵ ′  (  ţ 0 + ɦ )


  ѵ ′ ′  (  ţ 0 + ɦ )


  ѵ  (  ţ 0 + ɦ ) =  ѵ 0 +   ∑   ţ  r + 1 ∈ Ͳ Ͳ     ɦ  g  ( ţ )  g  ( ţ ) ! 𝛼  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ ) = B  (   𝛼 ( ţ ) ɸ  g ! ,  ѵ 0 ,  ѵ 0 ′ ) = B  (  1  𝛾 ( ţ ) ,  ѵ 0 ,  ѵ 0 ′ )


  ѵ ′  (  ţ 0 + ɦ ) =   ∑   ţ  r + 1 ∈ Ͳ Ͳ     ɦ  g  ( ţ ) − 1  ( g  ( ţ ) − 1 ) ! 𝛼  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ ) = B  (   𝛼 ( ţ ) ɸ  ɦ ( g − 1 ) ! ,  ѵ 0 ,  ѵ 0 ′ ) = B  (   g  ɦ 𝛾 ( ţ ) ,  ѵ 0 ,  ѵ 0 ′ )


  ѵ ′ ′  (  ţ 0 + ɦ ) =   ∑   ţ  r + 1 ∈ Ͳ Ͳ     ɦ  g  ( ţ ) − 2  ( g  ( ţ ) − 2 ) ! 𝛼  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ ) = B  (   𝛼 ( ţ ) ɸ   ɦ 2 ( g − 2 ) ! ,  ѵ 0 ,  ѵ 0 ′ ) = B  (   g ( g − 1 )   ɦ 2 𝛾 ( ţ ) ,  ѵ 0 ,  ѵ 0 ′ )


  ѵ ′ ′  (  ţ 0 + ɦ ) =   ∑   ţ  r + 1 ∈ Ͳ Ͳ     ɦ  g  ( ţ ) − 2  ( g  ( ţ ) − 2 ) ! 𝛼  ( ţ ) Ӻ  (  ѵ 0 ,  ѵ 0 ′ ,    ѵ ′ 0 ′ ) = B  (   𝛼 ( ţ ) ɸ   ɦ 2 ( g − 2 ) ! ,  ѵ 0 ,  ѵ 0 ′ ) = B  (   g ( g − 1 )   ɦ 2 𝛾 ( ţ ) ,  ѵ 0 ,  ѵ 0 ′ )


   ѵ 1  ѵ 1  ′     ,    ѵ 1  ′ ′  


   Ѵ  i   a n d    Ѵ  i ′


   Ѵ  i = B  (   𝜗  i   ,  ѵ 0   ,  ѵ 0 ′ )


   Ѵ  i ′ = B  (   g ɦ     𝜗  i -   ,  ѵ 0   ,  ѵ 0 ′ )


  B  (   𝜗  i   ,  ѵ 0   ,  ѵ 0 ′ ) =  ѵ 0 +   c  i ɦ    ѵ ′ 0 +  1 2   c  i 2  ɦ 2    ѵ  ′ ′ 0 +  ɦ 3   ∑  j = 1  l    a  i j f  ( B  (   𝜗  i   ,  ѵ 0   ,  ѵ 0 ′ ) , B  (     g ɦ     𝜗  i -   ,  ѵ 0   ,  ѵ 0 ′ ) )


  B  (   g ɦ     𝜗  i -   ,  ѵ 0   ,  ѵ 0 ′ ) =    ѵ ′ 0 +   c  i ɦ    ѵ  ′ ′ 0 +  ɦ 2   ∑  j = 1  l      a ̄  i j   f  ( B  (   𝜗  i   ,  ѵ 0   ,  ѵ 0 ′ ) , B  (     g ɦ     𝜗  i -   ,  ѵ 0   ,  ѵ 0 ′ ) )


  B  (   g ɦ     𝜗  i -   ,  ѵ 0   ,  ѵ 0 ′ ) =    ѵ ′ 0 +   c  i ɦ    ѵ  ′ ′ 0 +  ɦ 2   ∑  j = 1  l      a ̄  i j   f  ( B  (   𝜗  i   ,  ѵ 0   ,  ѵ 0 ′ ) , B  (     g ɦ     𝜗  i -   ,  ѵ 0   ,  ѵ 0 ′ ) )


    𝜗  i  ( ʓ )  ѵ 0 +   ∑  ţ ∈ Ͳ Ͳ     ɦ  g  ( ţ )  g  ( ţ ) !   𝜗  i  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ  ( ţ )  ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ ) =  ѵ 0 +   c  i ɦ    ѵ ′ 0 +  1 2   c  i 2  ɦ 2    ѵ  ′ ′ 0 +  ɦ 3   ∑  j = 1  l    ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }       ɦ  g  ( ţ )  g  ( ţ ) ! a  i j       𝜗  j   ( 3 )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ  ( ţ )  ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


    ∑  ţ ∈ Ͳ Ͳ     ɦ  g  ( ţ ) − 1  ( g  ( ţ ) − 1 ) !     𝜗  i -  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ  ( ţ )  ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ ) =   ѵ ′ 0 +   c  i ɦ    ѵ ′ ′ 0 +  ɦ 2   ∑  j = 1  l    ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }         ɦ  g  ( ţ ) − 1  g  ( ţ ) !       a -  i j   𝜗  i   ( 3 )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ  ( ţ )  ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


    ∑  ţ ∈ Ͳ Ͳ     ɦ  g  ( ţ ) − 1  ( g  ( ţ ) − 1 ) !     𝜗  i -  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ  ( ţ )  ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ ) =   ѵ ′ 0 +   c  i ɦ    ѵ ′ ′ 0 +  ɦ 2   ∑  j = 1  l    ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }         ɦ  g  ( ţ ) − 1  g  ( ţ ) !       a -  i j   𝜗  i   ( 3 )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ  ( ţ )  ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


    𝜗  i  ( ∅ ) = 1   ,         𝜗  i  (  ϒ 1 ) =   c  i     ,         𝜗  i  (  ϒ 2 ) =  1 2     c  i 2


    𝜗  i  (  ϒ 3 ) =  ∑    a  i j   𝜗  i  ′ ′ ′  (  ϒ 3 )       ,         𝜗  i  (  ϒ 3 ) =   ∑  j = 1  l    a  i j


  46


      𝜗  i -  (  ϒ 1 ) = 1   ,           𝜗  i -  (  ϒ 2 ) =   c  i       ,           𝜗 -  i  (  ϒ 3 ) =  1 3   ∑  j = 1  l      a -  i j   𝜗  j  ′ ′ ′  (  ϒ 3 ) =  1 3  ∑      a -  i j
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    𝜗  i  ( ţ ) =   ∑  j = 1  l    a  i j   𝜗  j  ′ ′ ′ ( ţ )       ,           𝜗 -  i  ( ţ ) =   ∑  j = 1  l        a -  i j  g ( ţ )   𝜗  j  ′ ′ ′  ( ţ )  
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  ţ =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3 ∈ Ͳ Ͳ  


  g ( ţ ) ≥ 4


    𝜗  j  ′ ′ ′  ( ţ ) =   ∏  i = 1  r    𝜗  j (  ţ  i )   ∏  i = r + 1  l      𝜗 -  j (  ţ  i )
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    𝜗  j  ′ ′ ′  ( ţ ) =   ∏  i = 1  r   [   ∑  j = 1  l    a  i j   𝜗  j  ′ ′ ′  (  ţ  i ) ]   ∏  i = r + 1  l   [   ∑  j = 1  l        a -  i j  g  ( ţ )   𝜗  j  ′ ′ ′  (  ţ  i ) ]
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    𝜗  j  ′ ′ ′  ( ţ ) =   𝜔  j ( ţ )


  ∀   ţ =   {  ţ 1 , … ,  ţ  r <  ţ  r + 1   ,       …      ţ  l >   } 3 ∈ Ͳ Ͳ


  ( ţ ) ≥ 4


    𝜔  j  ( ţ ) =   ∏  i = 1  r   [   ∑  j = 1  l    a  i j   𝜔  j  (  ţ  i ) ]   ∏  i = r + 1  l   [   ∑  j = 1  l        a -  i j  g  ( ţ )   𝜔  j  (  ţ  i ) ]


    𝜔  j  ( ϒ )     ∀   ţ ∈   Ͳ Ͳ   {  ϒ 1  ϒ 2  ϒ 3 }


    𝜔  j  ( ţ )   o n     Ͳ Ͳ   {  ϒ 1 ,  ϒ 2   , ϒ 3 }  


    𝜔  j  (  ϒ 3 ) = 1


  ţ =   {  ţ 1    𝜇 1 , … ,  ţ  r    𝜇  r <  ţ  r + 1    𝜇  r + 1 , … ,      ţ  l    𝜇  l + 1 >   } 3 ∈ Ͳ Ͳ  


   ţ 1 , … ,  ţ  l


    𝜔  j  ( ţ ) =  1   2    𝜇 2   c  i    𝜇 1 +   2 𝜇 2   ∏  k = 3  r     [   ∑  j = 1  l    a  i j   𝜔  j  (  ţ  i ) ]    𝜇  k   ∏  i = r + 1  l     [   ∑  j = 1  l        a -  i j  g  ( ţ )   𝜔  j  (  ţ  i ) ]    𝜇  k


  𝜔  ( ţ ) =   (   𝜔 1  ( ţ )   ,   … ,     𝜔  l  ( ţ ) )  T  


  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }  


   ѵ 1 ′


   ѵ 1  ′ ′


  𝜃  ( ţ ) =   ∑  i = 1  l    b  i   𝜔  i  ( ţ )   =   b  T 𝜔 ( ţ )


  𝜃 ′  ( ţ ) =   ∑  i = 1  l    b  i ′   𝜔  i  ( ţ )   =     b ′  T 𝜔 ( ţ )


  𝜃 ′ ′  ( ţ ) =   ∑  i = 1  l    b  i  ′ ′   𝜔  i  ( ţ )   =     b  ′ ′  T 𝜔 ( ţ )


   ѵ 1 ,  ѵ 1 ′ ,  ѵ 1  ′ ′


   ѵ 1  (  ţ 0 + ɦ ) =  ѵ 0 + ɦ    ѵ ′ 0 +  1 2  ɦ 2    ѵ  ′ ′ 0 +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ )  g  ( ţ ) !   𝜃  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1 ′  (  ţ 0 + ɦ ) =  ѵ 0 ′ + ɦ  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 1  g  ( ţ ) !   𝜃 ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1 ′  (  ţ 0 + ɦ ) =  ѵ 0 ′ + ɦ  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 1  g  ( ţ ) !   𝜃 ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1  ′ ′  (  ţ 0 + ɦ ) =  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 2  g  ( ţ ) !   𝜃 ′ ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1  ′ ′  (  ţ 0 + ɦ ) =  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 2  g  ( ţ ) !   𝜃 ′ ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   Ѵ  i   a n d    Ѵ  i ′


  B  (   𝜗  i   ,  ѵ 0   ,  ѵ 0 ′ ) , B  (     g ɦ     𝜗  i -   ,  ѵ 0   ,  ѵ 0 ′ )


   ɦ 3 Ӻ  (  Ѵ  i   ,  Ѵ  i ′ ) = B  (   𝜗  i  ′ ′ ′   ,  ѵ 0   ,  ѵ 0 ′ ) =   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ )  g  ( ţ ) !   𝜗 ′ ′ ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1  (  ţ 0 + ɦ ) =  ѵ 0 + ɦ    ѵ ′ 0 +  1 2  ɦ 2    ѵ  ′ ′ 0 +   ∑  i = 1  l    b  i B  (   𝜗  i  ′ ′ ′   ,  ѵ 0   ,  ѵ 0 ′ ) =  ѵ 0 + ɦ    ѵ ′ 0 +  1 2  ɦ 2    ѵ  ′ ′ 0 +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ )  g  ( ţ ) !   𝜃  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1 ′  (  ţ 0 + ɦ ) =  ѵ 0 ′ + ɦ  ѵ 0  ′ ′ +   ∑  i = 1  l    b  i ′ B  (   𝜗  i  ′ ′ ′   ,  ѵ 0   ,  ѵ 0 ′ ) =  ѵ 0 ′ + ɦ  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 1  g  ( ţ ) !   𝜃 ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1 ′  (  ţ 0 + ɦ ) =  ѵ 0 ′ + ɦ  ѵ 0  ′ ′ +   ∑  i = 1  l    b  i ′ B  (   𝜗  i  ′ ′ ′   ,  ѵ 0   ,  ѵ 0 ′ ) =  ѵ 0 ′ + ɦ  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 1  g  ( ţ ) !   𝜃 ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1  ′ ′  (  ţ 0 + ɦ ) =  ѵ 0  ′ ′ +   ∑  i = 1  l    b  i  ′ ′ B  (   𝜗  i  ′ ′ ′   ,  ѵ 0   ,  ѵ 0 ′ ) =  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 2  g  ( ţ ) !   𝜃 ′ ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


   ѵ 1  ′ ′  (  ţ 0 + ɦ ) =  ѵ 0  ′ ′ +   ∑  i = 1  l    b  i  ′ ′ B  (   𝜗  i  ′ ′ ′   ,  ѵ 0   ,  ѵ 0 ′ ) =  ѵ 0  ′ ′ +   ∑  ţ ∈   Ͳ Ͳ   {  ϒ 1 ,  ϒ 2 }     ɦ  g  ( ţ ) − 2  g  ( ţ ) !   𝜃 ′ ′  ( ţ )   𝛼  ( ţ )   𝛾  ( ţ )   Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


  𝜃  ( ţ ) =  1  𝛾 ( ţ )   ,     f o r   g ( ţ ) ≤ q


    𝜃 ′  ( ţ ) =   g  ( ţ )  𝛾  ( ţ )   ,     f o r   g  ( ţ ) ≤ q + 1


    𝜃 ′  ( ţ ) =   g  ( ţ )  𝛾  ( ţ )   ,     f o r   g  ( ţ ) ≤ q + 1


    𝜃  ′ ′  ( ţ ) =   g  ( ţ )  ( g  ( ţ ) − 1 )  𝛾  ( ţ ) ,       f o r   g  ( ţ ) ≤ q + 2


    𝜃  ′ ′  ( ţ ) =   g  ( ţ )  ( g  ( ţ ) − 1 )  𝛾  ( ţ ) ,       f o r   g  ( ţ ) ≤ q + 2


   ţ ∗ =   {  ϒ 1    𝜃 1 + 2   𝜃 2 ,  ţ 3    𝜃 3 , … ,  ţ  r    𝜃  r <  ţ  r + 1    𝜃  r + 1 , … ,      ţ  l    𝜃  l >   } 3


   ţ ^ =   {  ϒ 1    𝜃 1 ,    ϒ 2    𝜃 2   ,  ţ 3    𝜃 3 , … ,  ţ  r    𝜃  r <  ţ  r + 1    𝜃  r + 1 , … ,      ţ  l    𝜃  l >   } 3


   ţ ^ =   {  ϒ 1    𝜃 1 ,    ϒ 2    𝜃 2   ,  ţ 3    𝜃 3 , … ,  ţ  r    𝜃  r <  ţ  r + 1    𝜃  r + 1 , … ,      ţ  l    𝜃  l >   } 3


      ţ 3 , … ,  ţ  r


   ϒ 1   a n d    ϒ 2


      ţ  r + 1 , … ,  ţ  l


    𝜔  i  (  ţ ^ ) =  1   2    𝜃 2   𝜔  i  (  ţ ∗ )       ,       g  (  ţ ^ ) =   g  i  (  ţ ∗ )       ,       𝛾  (  ţ ^ ) =  2    𝜃 2 𝛾 (  ţ ∗ )


  𝒈 ( ţ )


  ţ


  𝜶 ( ţ )


  Ӻ ( ţ ) ( ѵ ,  ѵ ′ ,  ѵ  ′ ′ )


  ∅


  ∅


  ѵ ′


  ѵ ′ ′


  f


   ţ 41


    f ѵ ѵ ′


   ţ 42


    f  ѵ ´ ѵ ′ ′


   ţ 51


    f  ѵ ѵ   ( ѵ ´ ) 2


   ţ 52


    f  ѵ ѵ ´ ѵ ′ ѵ ′ ′


   ţ 53


    f   ѵ ′  ѵ ′   ( ѵ ′ ′ ) 2


   ţ 54


    f  ѵ ´ f


   ţ 55


   1 2   c 2


    f ѵ ѵ ′ ′


   ţ 61


    f ѵ f


   ţ 62


    f  ѵ ´   f  ѵ ´ ѵ ′ ′


   ţ 63


    f  ѵ ´   f ѵ ѵ ′


   ţ 64


   1 2   c 2


    f  ѵ ѵ ѵ ′ ѵ ′ ′


   ţ 65


    f  ѵ ѵ ѵ   ( ѵ ′ ) 2


   ţ 66


    f  ѵ ѵ ѵ ´ ѵ ′ ′   ( ѵ ′ ) 2


   ţ 67


   1 2   c 2


    f  ѵ ѵ ´   ( ѵ ′ ′ ) 2


   ţ 68


    f  ѵ ѵ ´ ѵ ′ f


   ţ 69


    f  ѵ ѵ ´ ѵ ´   ( ѵ ′ ′ ) 2 ѵ ′


   ţ 610


    f  ѵ ´ ѵ ´ ѵ " f


   ţ 611


    f  ѵ ´ ѵ ´ ѵ ´   ( ѵ ′ ′ ) 3


   ţ 71


    f  ѵ ѵ  ѵ ′ f


   ţ 72


    f  ѵ ѵ   ( ѵ ′ ′ ) 2


   ţ 73


    f  ѵ ѵ ѵ   ( ѵ ′ ) 2 ѵ ′ ′


   ţ 74


    f  ѵ ѵ  ѵ ′   ( ѵ ′ ′ ) 2 ѵ ′


   ţ 75


    f  ѵ ѵ ѵ ѵ   (  ѵ ′ ) 4


   ţ 76


    f  ѵ ѵ ѵ ѵ ´ ѵ ′ ′   (  ѵ ′ ) 3


   ţ 77


    f  ѵ ѵ ´ ѵ ′ ′ f


   ţ 78


    f  ѵ ѵ ѵ ´   ( ѵ ′ ) 2 f


   ţ 79


    f  ѵ ѵ ´ ѵ ´   ( ѵ ′ ′ ) 3


   ţ 710


    f  ѵ ѵ ´ ѵ   f ѵ   ( ѵ ′ ) 2


   ţ 711


    f  ѵ ѵ ´   f  ѵ ´ ѵ ′ ѵ ′ ′


   ţ 712


    f  ѵ ѵ ´ ѵ ´ ѵ ′ ѵ ′ ′ f


   ţ 713


    f  ѵ ѵ ѵ ´ ѵ ´   ( ѵ ′ ′ ) 2   ( ѵ ′ ) 2


   ţ 714


    f  ѵ ѵ ´ ѵ ´ ѵ ´   ( ѵ ′ ′ ) 3 ѵ ′


   ţ 715


    f  ѵ ´ ѵ ´   f 2


   ţ 716


    f  ѵ ´ ѵ ´   f ѵ ѵ ′ ′ ѵ ′


   ţ 717


    f  ѵ ´ ѵ ´   f  ѵ ´    ( ѵ ′ ′ ) 2


   ţ 718


    f  ѵ ´ ѵ ´ ѵ ´   ( ѵ ′ ′ ) 2 f


   ţ 719


    f  ѵ ´ ѵ ´ ѵ ´ ѵ ´   ( ѵ ′ ′ ) 4


   ţ 720


   1 2   A -   c 2


    f  ѵ ´   f ѵ ѵ ′ ′


   ţ 721


    f  ѵ ´   f  ѵ ѵ   ( ѵ ′ ) 2


   ţ 722


    f  ѵ ´   f  ѵ ´ f


   ţ 723


    f ѵ   f ѵ ѵ ′


      ţ  713   a n d    ţ 714


  ѵ


  3 :        ∑    b  i =  1 6


  4 :        ∑    b  i   c  i =  1 24


  4 :        ∑    b  i   c  i =  1 24


  5 :        ∑    b  i   c  i 2 =  1 60       ,        ∑    b  i   a  i j =  1 120


  5 :        ∑    b  i   c  i 2 =  1 60       ,        ∑    b  i   a  i j =  1 120


  6 :        ∑    b  i     a -  i j   c  j =  1 720       ,        ∑    b  i   c  i 3 =  1 120       ,        ∑    b  i   a  i j   c  i   =  1 240       ,        ∑    b  i   a  i j =  1 720


  6 :        ∑    b  i     a -  i j   c  j =  1 720       ,        ∑    b  i   c  i 3 =  1 120       ,        ∑    b  i   a  i j   c  i   =  1 240       ,        ∑    b  i   a  i j =  1 720


  7 :        ∑    b  i   c  i 3   a  i j =  1 420       ,        ∑    b  i   c  i   a  i j   c  j =  1 1260       ,    ∑    b  i   c  i 4 =  1 210       ,        ∑    b  i     a -  i j   c  j 2 =  1 2520


         ∑    b  i   c  i   a  i j =  1 1260       ,    ∑    b  i   a  i j   c  j =  1 5040       ,    ∑    b  i     a -  i j   a  i k =  1 5040     .        ∑    b  i     a -  i j     a -  i k =  1 840


         ∑    b  i   c  i   a  i j =  1 1260       ,    ∑    b  i   a  i j   c  j =  1 5040       ,    ∑    b  i     a -  i j   a  i k =  1 5040     .        ∑    b  i     a -  i j     a -  i k =  1 840


   ѵ ′


  2 :        ∑      b -  i =  1 2


  3 :        ∑      b -  i   c  i =  1 6


  3 :        ∑      b -  i   c  i =  1 6


  4 :        ∑      b -  i   c  i 2 =  1 12             ,        ∑      b -  i     a -  i j =  1 24  


  4 :        ∑      b -  i   c  i 2 =  1 12             ,        ∑      b -  i     a -  i j =  1 24  


  5 :        ∑      b -  i   c  i 3 =  1 20       ,        ∑      b -  i     a -  i j   c  j =  1 120       ,        ∑      b -  i   c  i   a  i j =  1 40     ,        ∑      b -  i   a  i j =  1 120  


  5 :        ∑      b -  i   c  i 3 =  1 20       ,        ∑      b -  i     a -  i j   c  j =  1 120       ,        ∑      b -  i   c  i   a  i j =  1 40     ,        ∑      b -  i   a  i j =  1 120  


  6 :        ∑      b -  i   c  i 3     a -  i j =  1 60       ,        ∑      b -  i   c  i   a  i j   c  j =  1 180     ,        ∑      b -  i   c  i 4 =  1 30       ,        ∑      b -  i     a -  i j   c  j 2 =  1 360


  6 :        ∑      b -  i   c  i 3     a -  i j =  1 60       ,        ∑      b -  i   c  i   a  i j   c  j =  1 180     ,        ∑      b -  i   c  i 4 =  1 30       ,        ∑      b -  i     a -  i j   c  j 2 =  1 360


         ∑      b -  i   c  i   a  i j =  1 180       ,        ∑      b -  i   a  i j   c  j =  1 720       ,        ∑      b -  i     a -  i j     a -  j k =  1 720   ,  ∑      b -  i     a -  i j     a -  i k =  1 120  


         ∑      b -  i   c  i   a  i j =  1 180       ,        ∑      b -  i   a  i j   c  j =  1 720       ,        ∑      b -  i     a -  i j     a -  j k =  1 720   ,  ∑      b -  i     a -  i j     a -  i k =  1 120  


  7 :        ∑      b -  i   c  i 5 =  1 42       ,        ∑      b -  i   c  i 2     a -  i j   c  j =  1 252       ,        ∑      b -  i   c  i 3     a -  i j =  1 42   ,        ∑      b -  i   c  i   a  i j   c  j =  1 1008  


  7 :        ∑      b -  i   c  i 5 =  1 42       ,        ∑      b -  i   c  i 2     a -  i j   c  j =  1 252       ,        ∑      b -  i   c  i 3     a -  i j =  1 42   ,        ∑      b -  i   c  i   a  i j   c  j =  1 1008  


         ∑      b -  i     a -  i j   c  j 3 =  1 840   ,        ∑      b -  i   c  i     a -  i j   c  j 2 =  1 504       ,        ∑      b -  i   c  i 2   a  i j =  1 252       ,    ∑      b -  i     a -  i j     a -  j k   c  k =  1 5040  


         ∑      b -  i     a -  i j   c  j 3 =  1 840   ,        ∑      b -  i   c  i     a -  i j   c  j 2 =  1 504       ,        ∑      b -  i   c  i 2   a  i j =  1 252       ,    ∑      b -  i     a -  i j     a -  j k   c  k =  1 5040  


         ∑      b -  i   a  i j     a -  i k =  1 504     ,        ∑      b -  i   a  i j   c  j 2 =  1 2520        ∑      b -  i   c  i     a -  i j     a -  i k =  1 168   ,  ∑      b -  i     a -  i j     a -  j k   c  j =  1 504


         ∑      b -  i   a  i j     a -  i k =  1 504     ,        ∑      b -  i   a  i j   c  j 2 =  1 2520        ∑      b -  i   c  i     a -  i j     a -  i k =  1 168   ,  ∑      b -  i     a -  i j     a -  j k   c  j =  1 504


     ∑      b -  i     a -  i j     a -  i k   c  k =  1 504


     ∑      b -  i     a -  i j     a -  i k   c  k =  1 504


   ѵ  ′ ′


  1 :        ∑        b - -  i = 1      


  2 :        ∑        b - -  i   c  i =  1 2


  2 :        ∑        b - -  i   c  i =  1 2


  3 :        ∑        b - -  i   c  i 2 =  1 3       ,        ∑        b - -  i     a -  i j =  1 6      


  3 :        ∑        b - -  i   c  i 2 =  1 3       ,        ∑        b - -  i     a -  i j =  1 6      


  4 :        ∑        b - -  i   c  i 3 =  1 4       ,        ∑        b - -  i     a -  i j   c  j =  1 24       ,        ∑        b - -  i   a  i j =  1 24       ,        ∑        b - -  i   c  i   a  i j =  1 8


  4 :        ∑        b - -  i   c  i 3 =  1 4       ,        ∑        b - -  i     a -  i j   c  j =  1 24       ,        ∑        b - -  i   a  i j =  1 24       ,        ∑        b - -  i   c  i   a  i j =  1 8


  5 :        ∑        b - -  i   c  i 4 =  1 5       ,        ∑        b - -  i     a -  i j   c  j 2 =  1 60       ,        ∑        b - -  i   c  i   a  i j =  1 30       ,        ∑        b - -  i     a -  i j     a -  j k   =  1 120


  5 :        ∑        b - -  i   c  i 4 =  1 5       ,        ∑        b - -  i     a -  i j   c  j 2 =  1 60       ,        ∑        b - -  i   c  i   a  i j =  1 30       ,        ∑        b - -  i     a -  i j     a -  j k   =  1 120


         ∑        b - -  i     a -  i k     a -  i j =  1 20     ,        ∑        b - -  i   a  i j   c  j =  1 120       ,        ∑        b - -  i   c  i     a -  i j   c  j =  1 2       ,        ∑        b - -  i   c  i 2     a -  i j =  1 10    


         ∑        b - -  i     a -  i k     a -  i j =  1 20     ,        ∑        b - -  i   a  i j   c  j =  1 120       ,        ∑        b - -  i   c  i     a -  i j   c  j =  1 2       ,        ∑        b - -  i   c  i 2     a -  i j =  1 10    


   ∑        b - -  i   c  i 5 =  1 6       ,        ∑        b - -  i   c  i 2     a -  i j   c  j =  1 36       ,        ∑        b - -  i   c  i 3     a -  i j =  1 12       ,        ∑        b - -  i   c  i   a  i j   c  j =  1 144       ,        ∑        b - -  i     a -  i j   c  j 3 =  1 120       ,        ∑        b - -  i   c  i     a -  i j   c  j 2 =  1 72       ,        ∑        b - -  i     a -  i j     a -  j k   c  k =  1 720         ,        ∑        b - -  i     a -  i k   a  i j =  1 72       ,        ∑        b - -  i   a  i j     c  j 2 =  1 360      


   ∑        b - -  i   c  i     a -  i k     a -  i j =  1 24       ,        ∑        b - -  i     a -  i k     a -  i j   c  j =  1 72      


   ∑        b - -  i   c  i 6 =  1 7       ,        ∑        b - -  i   a  i j   c  i 3 =  1 14       ,        ∑        b - -  i     a -  i k     a -  i j   c  j =  1 84       ,        ∑        b - -  i   a  i j   c  j =  1 168       ,        ∑        b - -  i   c  i 2     a -  i k     a -  i j =  1 28       ,        ∑        b - -  i   c  i 3     a -  i j   c  j =  1 42       ,        ∑        b - -  i     a -  i k   a  i j   c  j =  1 336       ,        ∑        b - -  i   a  i j     a -  j k =  1 840       ,        ∑        b - -  i   c  i     a -  i j   c  j 3 =  1 140       ,        ∑        b - -  i     a -  i j   c  j 3 =  1 120       ,        ∑        b - -  i     a -  i j     a -  j k   c  j 2 =  1 420         ,        ∑        b - -  i     a -  i j   c  j 4 =  1 210       ,        ∑        b - -  i   c  i     a -  i j   c  j 3 =  1 140       ,        ∑        b - -  i     a -  i j     a -  j k   c  j 2 =  1 280       ,        ∑        b - -  i     a -  i k     a -  i j   c  j 2 =  1 168       ,        ∑        b - -  i     a -  i j     a -  j k     a -  k s =  1 5040         ,        ∑        b - -  i   c  i     a -  i j     a -  j k   c  k =  1 840         ,        ∑        b - -  i   a  i j   a  i k =  1 252       ,        ∑        b - -  i     a -  i k   a  i j   c  j =  1 336       ,      ∑        b - -  i   c  i     a -  i k   a  i j =  1 84       ,        ∑        b - -  i   a  i j     c  j 3 =  1 840       ,        ∑        b - -  i   c  i   a  i j     c  j 2 =  1 360       ,        ∑        b - -  i   a  i j     a -  j k   c  j =  1 1680       ,        ∑        b - -  i     a -  i j     a -  i k     a -  i s =  1 56         ,        ∑        b - -  i   a  i j     a -  i k   c  i =  1 84       ,        ∑        b - -  i   a  i k     a -  i j   c  i =  1 84       ,        ∑        b - -  i     c  i 2     a -  i k     a -  i j =  1 28       ,        ∑        b - -  i     a -  i k   c  k     a -  i j   c  j =  1 252       ,        ∑        b - -  i     a -  i j   a  i k   c  k =  1 336    


   ∑        b - -  i   c  i 6 =  1 7       ,        ∑        b - -  i   a  i j   c  i 3 =  1 14       ,        ∑        b - -  i     a -  i k     a -  i j   c  j =  1 84       ,        ∑        b - -  i   a  i j   c  j =  1 168       ,        ∑        b - -  i   c  i 2     a -  i k     a -  i j =  1 28       ,        ∑        b - -  i   c  i 3     a -  i j   c  j =  1 42       ,        ∑        b - -  i     a -  i k   a  i j   c  j =  1 336       ,        ∑        b - -  i   a  i j     a -  j k =  1 840       ,        ∑        b - -  i   c  i     a -  i j   c  j 3 =  1 140       ,        ∑        b - -  i     a -  i j   c  j 3 =  1 120       ,        ∑        b - -  i     a -  i j     a -  j k   c  j 2 =  1 420         ,        ∑        b - -  i     a -  i j   c  j 4 =  1 210       ,        ∑        b - -  i   c  i     a -  i j   c  j 3 =  1 140       ,        ∑        b - -  i     a -  i j     a -  j k   c  j 2 =  1 280       ,        ∑        b - -  i     a -  i k     a -  i j   c  j 2 =  1 168       ,        ∑        b - -  i     a -  i j     a -  j k     a -  k s =  1 5040         ,        ∑        b - -  i   c  i     a -  i j     a -  j k   c  k =  1 840         ,        ∑        b - -  i   a  i j   a  i k =  1 252       ,        ∑        b - -  i     a -  i k   a  i j   c  j =  1 336       ,      ∑        b - -  i   c  i     a -  i k   a  i j =  1 84       ,        ∑        b - -  i   a  i j     c  j 3 =  1 840       ,        ∑        b - -  i   c  i   a  i j     c  j 2 =  1 360       ,        ∑        b - -  i   a  i j     a -  j k   c  j =  1 1680       ,        ∑        b - -  i     a -  i j     a -  i k     a -  i s =  1 56         ,        ∑        b - -  i   a  i j     a -  i k   c  i =  1 84       ,        ∑        b - -  i   a  i k     a -  i j   c  i =  1 84       ,        ∑        b - -  i     c  i 2     a -  i k     a -  i j =  1 28       ,        ∑        b - -  i     a -  i k   c  k     a -  i j   c  j =  1 252       ,        ∑        b - -  i     a -  i j   a  i k   c  k =  1 336    


   ∑      a -  i j =     c  i 2 2


   [    1  0  0   0  1  0   0  0  1 ]  [     ѵ  n + 1   ɦ  ѵ  n + 1 ′    ɦ 2  ѵ  n + 1  ′ ′ ] =  [    1  1   1 2   0  1  1   0  0  1 ]  [     ѵ  n   ɦ  ѵ  n ′    ɦ 2  ѵ  n  ′ ′ ]


  I  


   [    1  0  0   0  1  0   0  0  1 ]


   [    1  1   1 2   0  1  1   0  0  1 ]


   ѵ  n + 1   , ɦ  ѵ  n + 1 ′   ,    ɦ 2  ѵ  n + 1  ′ ′  


  g  ( 𝜉 ) =  det ⁡   | I 𝜉 − A | =  |     𝜉 − 1  𝜉 − 1  𝜉 −  1 2   0  𝜉 − 1  𝜉 − 1   0  0  𝜉 − 1 |


  g  ( 𝜉 ) =   ( 𝜉 − 1 ) 3


    ( 𝜉 − 1 ) 3 = 0   t h e n   𝜉 = 1 , 1 , 1  


    ( 𝜉 − 1 ) 3 = 0   t h e n   𝜉 = 1 , 1 , 1  


   ‖  ℒ  s  ( q + 1 ) ‖ =  (   ∑  i = 1    n  q + 1     (  ℒ  i  q + 1 ) 2 +   ∑  i = 1    n ´  q + 1     (   ℒ ′  i  ( q + 1 ) ) 2 +   ∑  i = 1    n ´ ´  q + 1     (   ℒ ′ ′  i  ( q + 1 ) ) 2


   ℒ i  q + 1   is   the   LTE   term   for   ѵ     ,          ℒ ′ i   ( q + 1 )   is   the   LTE   for    ѵ ′ and       ℒ ′ ′ i  ( q + 1 )  


  ѵ ′ ′


   ℒ  s  ( q + 1 )


   ∑      a -  i j =     c  i 2 2


  S =  {   a 21 = −  3 32   ,     a 31 = −  3 32   ,     a 32 =  1 4     ,     a 33 =  1 8   ,     a a 21 =   a a 21   ,     a a 31 =   a a 31   ,     a a 32 =   a a 32   ,  


    a a 33 = −  2 3   a a 21 −  2 3   a a 31 −  2 3   a a 32 +  1 24     ,     b 1 = −  1 6     ,     b 2 =  1 2       ,     b 3 =  1 6     ,     c 1 =  1 2   ,     c 2 =  1 4   ,     c 3 =  3 4     ,


    a a 33 = −  2 3   a a 21 −  2 3   a a 31 −  2 3   a a 32 +  1 24     ,     b 1 = −  1 6     ,     b 2 =  1 2       ,     b 3 =  1 6     ,     c 1 =  1 2   ,     c 2 =  1 4   ,     c 3 =  3 4     ,


      d 1 = −  1 24     ,     d 2 =  3 16     ,     d 3 =  1 48   ,     g 1 = −  1 3   ,     g 2 =  2 3     ,         g 3 =   2 3 }


      d 1 = −  1 24     ,     d 2 =  3 16     ,     d 3 =  1 48   ,     g 1 = −  1 3   ,     g 2 =  2 3     ,         g 3 =   2 3 }


   1 2


  −  523 600


   1 8


   1 4


   3 5


  −  523 600


  −  3 32


   1 8


   3 4


   7 10


   7 100


  −  523 600


  −  3 32


   1 4


   1 8


  −  1 24    


   3 16    


   1 48


  −  1 6    


   1 2


   1 6


  −  1 3


   2 3


   2 3


  S =  {   a 21 = −  3 32     ,     a 31 = −  39 1000     ,     a 32 = −  3 500     ,     a 41 = −  117 56   ,     a 42 =  9 28     ,     a 43 =  15 7   ,     a 44 =  1 8   ,       a a 21 = −  5 4     a a 31 −  5 4   a a 32 −  3 10   ,     a a 31 =   a a 31   ,     a a 32 =   a a 32   ,


      a a 41 = −  65 7   a a 31 −  190 7   a a 32 −  219 140 −  3 5   a a 43   ,     a a 42 =  27 70 +  125 7   a a 32 −  2 5   a a 43   ,     a a 43 =   a a 43   ,  


      a a 41 = −  65 7   a a 31 −  190 7   a a 32 −  219 140 −  3 5   a a 43   ,     a a 42 =  27 70 +  125 7   a a 32 −  2 5   a a 43   ,     a a 43 =   a a 43   ,  


    a a 44 = 5   a a 31 + 5   a a 32 +  11 20   ,     b 1 = 1     ,     b 2 =  8 9     ,     b 3 = −  25 18   ,     b 4 = 0     ,     c 1 =  1 2     ,     c 2 =  1 4     ,     c 3 =  2 5   ,  


    a a 44 = 5   a a 31 + 5   a a 32 +  11 20   ,     b 1 = 1     ,     b 2 =  8 9     ,     b 3 = −  25 18   ,     b 4 = 0     ,     c 1 =  1 2     ,     c 2 =  1 4     ,     c 3 =  2 5   ,  


    c 4 = 1   ,     d 1 =  1 4     ,     d 2 =  1 3   ,     d 3 = −  5 12   ,     d 4 = 0   ,     g 1 = 2   ,     g 2 =  32 27   ,     g 3 = −  125 54   ,     g 4 =   7 54 }


    c 4 = 1   ,     d 1 =  1 4     ,     d 2 =  1 3   ,     d 3 = −  5 12   ,     d 4 = 0   ,     g 1 = 2   ,     g 2 =  32 27   ,     g 3 = −  125 54   ,     g 4 =   7 54 }


   1 2


   3 50


   1 8


   1 4


  −  71 400


   3 50


  −  3 32


   1 8


   1 5


  −  1 10


   1 500


   3 50


  −  39 1000


  −  3 500


   1 8


  1


   1293 1000


   17 875


   201 200


   3 50


  −  117 56


   9 28


   15 7


   1 8


   1 4


   1 3


  −  5 12


  0


  1


   8 9


  −  25 18


  0


  2


   32 27


  −  125 54


   7 54


  ѵ ′ ′ ′ = f ( ȶ , ѵ , ѵ ′ )


  ѵ ′ ′ ′ = − 25 ѵ ′       ѵ  ( 0 ) = 0     ,     ѵ ′  ( 0 ) = 0       ,       ѵ ′ ′  ( 0 ) = 1


   ѵ 1  ( ȶ ) =  1 25 −  1 25 cos ⁡ ( 5 ȶ )


  ѵ ′ ′ ′ = ѵ ′ +   c o s 2  ( ȶ ) − 1       ѵ  ( 0 ) = 0     ,     ѵ ′  ( 0 ) = 0       ,       ѵ ′ ′  ( 0 ) = 1  


   ѵ 1  ( ȶ ) =  1 5   e  − ȶ +  4 5   e ȶ −  1 20  sin ⁡   ( 2 ȶ ) +  1 2 ȶ − 1


  ѵ ′ ′ ′ =   3 ѵ ′  4  ѵ 4       ѵ  ( 0 ) = 1     ,     ѵ ′  ( 0 ) =  1 2       ,       ѵ ′ ′  ( 0 ) =   − 1 4


   ѵ 1  ( ȶ ) =  ȶ + 1


  ѵ ′ ′ ′ =  ѵ 2 +    cos 2 ⁡   ( ȶ ) − ѵ ′ − 1       ѵ  ( 0 ) = 0     ,     ѵ ′  ( 0 ) = 1       ,       ѵ ′ ′  ( 0 ) = 0      


   ѵ 1  ( ȶ ) = s i n x


   ѵ 1  ′ ′ ′ ( ȶ ) =  1 2   e  4 ȶ  ѵ 3 ( ȶ )  ѵ 2 ′ ( ȶ )


   ѵ 2  ′ ′ ′ ( ȶ ) =  8 3   e  2 ȶ  ѵ 1 ( ȶ )  ѵ 3 ′ ( ȶ )


   ѵ 2  ′ ′ ′ ( ȶ ) =  8 3   e  2 ȶ  ѵ 1 ( ȶ )  ѵ 3 ′ ( ȶ )


   ѵ 3  ′ ′ ′ ( ȶ ) = 27  ѵ 2 ( ȶ )  ѵ 1 ′ ( ȶ )


   ѵ 3  ′ ′ ′ ( ȶ ) = 27  ѵ 2 ( ȶ )  ѵ 1 ′ ( ȶ )


   ѵ 1  ( 0 ) = 1       ,        ѵ 1 ′  ( 0 ) = − 1       ,        ѵ 1  ′ ′  ( 0 ) = 1


   ѵ 1  ( 0 ) = 1       ,        ѵ 1 ′  ( 0 ) = − 1       ,        ѵ 1  ′ ′  ( 0 ) = 1


   ѵ 2  ( 0 ) = 1       ,        ѵ 2 ′  ( 0 ) = − 2       ,        ѵ 2  ′ ′  ( 0 ) = 4


   ѵ 2  ( 0 ) = 1       ,        ѵ 2 ′  ( 0 ) = − 2       ,        ѵ 2  ′ ′  ( 0 ) = 4


   ѵ 3  ( 0 ) = 1       ,        ѵ 3 ′  ( 0 ) = − 3       ,        ѵ 3  ′ ′  ( 0 ) = 9


   ѵ 3  ( 0 ) = 1       ,        ѵ 3 ′  ( 0 ) = − 3       ,        ѵ 3  ′ ′  ( 0 ) = 9


   ѵ 1  ( ȶ ) =   e  − ȶ       ,        ѵ 2  ( ȶ ) =   e  − 2 ȶ       ,        ѵ 3  ( ȶ ) =   e  − 3 ȶ


  ѵ ′ ′ ′ = f ( ȶ , ѵ , ѵ ′ )

